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1 Theoretical Background

1.1 The Model

Consider VAR(p) model
(1.1) Vi=p+ Py +-+ Py, T €,

where y; is n x 1 vector of variables and assumed to be I(1). If x; are cointegrated,

then there exists a following VECM representation by Engle and Granger (1987):
(1.2) Ay =p +1Ily; 1 + AjAy; 1+ + Ay 1Ay py1 + €&,

where IT = a3’ has a reduced rank r that is the number of cointegrating vectors,
and a and 3 are n X r matrices.
As our interest is on II, it is more convenient to A;,---,A,_; by a partial

regression.

(1.3) Regress Ay, on 1+ A1Ay; 1+ -+ A, 1Ay, 11 — Get residuals : Ry,

(1.4) Regress y;—1 on 1+ AjAy; 1+ -+ Ay, 1Ayt 11 — Get residuals : Ry
Then, we have a concentrated regression:
(1.5) Ro: = af8'Ry: + €
For notational convenience, let

1
(1.6) Sij=7> RaRj  ij=0.k

t=1

Note that a can be easily estimated from (1.5) provided that 8 is known:
(1.7) & = (BRR.B)'BRRo

= (B'SuB) "' B'Sko
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Johansen (1988) estimate 3 using MLE. Consider MLE for

(1.8) Y=XB+U,  u~NOZI).
Then, the log likelihood of (1.8) is

T T 1 .
(1.9) logL:—ElogQW—§10g|E| —§(Y—XB)E (Y — XB)
The FOC of (1.9) for X is:

- 1

(1.10) S = ~(Y - XB)/(Y - XB)
Plug (1.10) in (1.9), then we get a concentrated likelihood:

T A
(1.11) log L = constant — 3 log |X|,

which is proportional to

(112) Lmaa: = |2|_%
Let L(B) = |2~ 2. Then,
(1.13) LT = |3
- |%(R0 ~ R;Ba) (Ry — Ry.8a))|

1
|T(R0Ro — af'RiR;B)|

= |Soo — SorB(B'SkB) ' B3'So|

Therefore,

(1.14) Il’lélX L(,B) = l’IIBiIl |SOO — SOk,B(,BISkk,@)_IB/Sk0|

Soo|

. /S o IS Sfls | 00

A mﬂm\ﬁ kB — B SkoSgg Okﬁ’—|ﬁlskkﬁ|
'S 1

< max |ﬂ kkm

818 (Skr — SkoSoq Sox)B| [Sool
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At the second line, I use the formula:

(1.15) ‘
Thus,

(1.16)

A B
C D

‘ —|A| D - CA™'B|=|D| |A - BD'C]

A
|A-BD!C|=|D - CA‘1B|H,

where A = Sy, B = Spi.3, C = 3'Sio, and D = 3'S;..8.

Note also that FOC for

(1.17)

(1.18)

max e (=)
(A—-)B)x =0,

where )\ is an eigenvalue, and x is an eigenvector.

Therefore, (1.14) becomes an eigenvalue problem. Let

(1.19)

Then, the FOC is

(1.20)

where A\ = 1 —

L
Xo

18'SkiB)
18" (Skr — SkoSEOISOk)m

Ao = max

(Skx — Xo(Skr — SkoSgo Sox))3 = 0
& ((1 = Xo)Skr + Ao(Sk0Spo Sor))3 = 0
& (Mo(SkoSgSor) — (Ao — 1)Skr)B =10
< (SkoSgo Sor — (1 — Aio)s’“’“)'@ =0
& (SkoSggSor — ASkr)B = 0,

Note that A and 3 are an eigenvalue and an eigenvector of

Sir SkoSoo Sox, Tespectively.



Therefore, our maximization problem is reduced to find an eigenvalue and eigen-

vector of S,;,jSkOS&]lSOk.
1.2 A Rank Test

From (1.12), (1.14) and (1.19), we get

2 1
(1.21) | Limaz(B)|”T = [Soo| HX
i=1 """
T T
(1.22) Linax(8) = =5 1Soo [J(1 = X)
i=1

Therefore, we get the LR test (or Trace test) as:

Lmaa:(-HO - T)
1.2 L = 2log——F—"—=
( 3) R ©8 Lmaa:(Hl - TL)
= =T log(l—\)
i=r+1

and the maximum eigenvalue test (or A, test) as:

Lma:c(HO - T)
Lmaaz(Hl =r+ 1)
— —Tlog(1 = Ap).

(1.24) Amaz = —2log

Note that alternative hypothesis is different in each test. For large values of test
statistics, we reject the null hypothesis that there exist r cointegrating vectors, Hy =

r. The critical values are available in Johansen (1995).

1.3 Model Selection

Johansen (1995) considers five models with respect to data properties as well as

cointegrating relations as follows: i) a model with a quadratic trend in y; (hflag=1):

(1.25) Ayi=p+ pot + aB'yi 1+ A1Ay, 1+ -+ A, 1Ay 1 + €,
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ii) a model with a linear trend in y; (hflag=2), in which deterministic cointegration

is not satisfied:
(1.26) Ayi=p+ pyt + aB'yi 1+ A1Ay, 1+ -+ Ay 1Ay p1 + €,

iii) a model with a linear trend in y; (hflag=3), in which deterministic cointegration

is satisfied (cotrended):

(1.27) Ayr=p+ a(Byi1 + pit) + AiAy1 + -+ Ap 1Ay p1 + €,
iv) a model with no trend in y; (hflag=4):

(1.28) Ay = a(Byi-1+po) + A1Ayra + -+ Ap 1Ay i + €,
and v) a model with no trend in y; (hflag=>5):

(1.29) Ay =afByi 1+ A 1Ay 1+ -+ Ay 1Ay pi1 + €

1.4 Estimation of Restricted Cointegrating Vectors

Johansen (1995) illustrates how to estimate restricted cointegrating vectors.
Consider a trivariate model with two cointegrating vectors. Let y; = (y1¢, Yo, Y3t)’
and B8 = [3,|8,]. One may impose a restriction of 3, = 3,5 using Hyp, = 3, and
Hyp, = 3,, where H; is an n x (n — ¢;) matrix, ¢, is an (n — ¢;) X 1 matrix, and ¢; is

the number of restrictions on each cointegrating vector. In this particular example,

letting
10
(1.30) H=| 0 1], H=1;
-1 0
gives the following restrictions:
L0 © P11 B
(1.31) Hip, = 0 1 [ gon ] = P12 = | B
-1 0 2 —%Pu Bis



2 Program and Output

2.1 Program: JOHANSEN.EXP

It is incomplete from here.

@ JOHANSE.EXP for Johansen’s Rank Test @
@ Written by Kyungho Jang (Last Reviseion by Jang: 11/12/2001) @

new;

@k xxkkkokkkkkkkkkkx Start of Modification sskskskkkskskskskskkkkk*xQ

@ skokoskook ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok sk sk ok sk sk ok sk ok ok sk ok ok sk ok ok sk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk ok ok

e - ——————————- Step 1: Specifiy Output File ~—————----"—-
@ ook ok ok ok ok sk ok ok sk ok ok sk ok ok sk ok ok ok s ok ok sk ok ok sk ok ok sk ok ok sk ok ok sk ok ok ok sk ok ok sk ok ok sk ok ok ok ok sk ok ok sk ok ok sk ok ok sk ok ok

outfile = "johansen.out";

@ >k ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok 5k ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok 3k ok ok 3k ok ok 3k >k >k 3k >k >k 3k >k >k 3k >k %k

Q@ - Step 2: Prepare the Data --——------------————-
@ sk skskook sk sk ok ok sk ok ok sk ok ok 3k ok ok 3k ok ok 3 ok ok sk ok ok sk ok sk sk ok sk sk ok sk sk ok sk sk ok sk sk ok ok sk ok sk sk ok ok ok sk ok sk ok ok ok ok ok sk sk ok ok

@ 1. Reading in data @
load dat[176,3] = sample2.dat; @ nondurables, duralble goods,

@ 2. Specify the series for test @

nondurab = 1ln(dat[1:176,1]); @ Define the series for CCR @
durable = 1n(dat[1:176,2]); @ Define the series for CCR @
price = 1n(dat[1:176,3]); @ Define the series for CCR @

@ skokokook ok ok ok skok ok ok ok ok sk ok ok ok ok ok ok sk ok ok ok ok ok sk ok ok ok ok ok ok sk ok ok ok ok ok sk ok ok ok ok ok sk sk ok ok ok ok sk sk ok ok ok ok ok ok sk ok ok k

Q@ ————————————- Step 3: Define variables and parameters ------
@ skokokokook sk ok skok ok ok sk ok sk sk ok ok ok ok ok sk ok ok ok ok ok sk ok ok ok ok ok sk sk ok ok ok sk ok sk ok ok ok ok sk sk sk ok ok ok sk sk sk ok ok ok ok ok sk ok ok ok ok

@ Define variables @
yil = price“nondurab”durable; @ Specify endogenous I(1) varibales
yi0 = 0; @ Specify stationary variables, otherwise set yi0O=0 @

price Q@

Q

xilnc = 0; @ Specify I(1) exogenous variables, otherwise set xilnc=0 @
xilci = 0; @ Specify I(1) exogenous variables, otherwise set xilci=0 @



0; @ Specify I(0) exogenous variables, otherwise set xi0=0 @
dum = O; @ Specify dummy variables, otherwise set dum=0 @
sflag = 0; @ 1 = Seasonal Dummy (Centered), O = No Seasonal @

xi0

@ Set parameters for estimation @
varlag = 6; @ The lag length of VAR: DGP - 6, 9, 12, 13 @

freq = 4; @ Frequency: 4 = Quarterly, 12 = Monthly @

n = 3; Q@ # of variables @

r=1; @ # of cointegrating vectors Q@

k=n-r; @ # of common trends @

let bn[1,1] = 1; @ r x 1, Normalization of cointegrating Vector @

let names = P2 C1 C2; @ Labels of variables @
conf_lev = 95; @ Confidence intervals for the rank test Q@
@ Availables for 50%, 75%, 80%, 85%, 90%, 95%, 97.5%, 99% @

hflag = 3; @ Johansen Model @

@ 1 = H(r) : Quadratic Trend @

@ 2 = H*(r) : Linear Trend @

@ 3 = Hi(r) : Linear Trend, Deterministic Cointegration @
@ 4 = Hix(r): No Trend, Det’c Cointegration @

@ 5 = H2(r) : No Trend, No Constant, Det’c Cointegration @

@ Set control parameters for data @
mtag = 1; @ Cointegrating Vectors: 1 = Unrestricted, 2 = Restricted @
ptag = O; @ 1 = print detailed output, O = No print @

if mtag == 2;
@ Restrictions on Beta : H*phi = Beta @
let h1[3,1] =1
-1
1; @ n x (n-q), q: # of restrictions @

h = hi;

let ngv = 1; @ # of vector on each group @

let rgv = 2; @ # of restrictions on each group @
SgV = n - rgv; @ # of column on each H matrics @

endif;

@ >k okosk ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok 5k ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok ok sk sk ok sk sk ok sk skok sk skok kkok k- @

Q@ ——————————- End of Modification = - -—————————- Q
@ skokokskookok sk ok ok sk ok ok sk sk ok ok sk ok ok s ok ok sk ok ok sk sk ok sk sk ok ok ook ok sk ok ok sk sk okok sk ok ok skokok sk okok sk skokokskokokskokokkk - @



output file = “outfile reset;
outfile;

datestr(0);

timestr(0);

#include johansen.set;

@ Define the Table for Trace Test @

if hflag == 2;

names = "trend" |names;
elseif hflag == 4;

names = "const"|names;
endif;

{z0,zk,z1,ctag,ttag}l = trans(yil,yiO,xilnc,xilci,xiO,dum,varlag,hflag,sflag,freq);

n = cols(z0);

t = rows(z0);

{s00,s0k,skk} = rfu(z0,zk,z1);

format /rdn 14,4;

Wxokkkkkkkkkkx The rank tests skkskkksxkkkk!

{va,ve} = evnorm(n,s00,s0k,skk,symn) ;
ranktst(va,ve,t,names,hflag,conf_lev);

W sk ok ok ok 5k ok >k 3k >k %k %k Estimating alpha and pi *okokokkokokkokokk !
{va,ve} = evnorm(r,s00,s0k,skk,symn) ;

"x Unrestricted beta (normalized)";

{va,ve} = betanorm(va,ve,bn,names);

betaun = ve;

beta = betaun;

if mtag == 1;
beta = betaun;
elseif mtag == 2;
if rows(ngv) == 1;
{s00,s0k_h,h_skk_h,h} = rfhhflag(z0,zk,z1,h,hflag);
{va,ve} = evnorm(r,s00,sOk_h,h_skk_h,symm) ;
beta = hx*ve;
else;
{beta} = rfghflag(z0,zk,z1,h,betaun,ngv,rgv,hflag);
endif;



endif;

nn.
I

"x Estimation of parameters using given beta";
{beta,alpha,piO,talpha,tpiO} = esthflag(va,beta,bn,s00,s0k,skk,t,names,hflag);

end;

2.2 Output: JOHANSEN.OUT

johansen.out

11/13/01

4:06:18

Model: H1(r) - hflag = 3, Linear Trend, Deterministic Cointegration
soxfokkkkkokkk The rank tests kkkkskokkskkskok

I(1) ANALYSIS

EIGENV. L-MAX TRACE HO:R= N-R=  CV_L95% CV_TR95Y%
0.1374 25.1248 36.1254 0.0000 3.0000 14.0360 29.3760
0.0473 8.2430 11.0006 1.0000 2.0000 11.4990 15.3400
0.0161 2.7576 2.7576 2.0000 1.0000 3.8410 3.8410

BETA (transposed)
P2 C1 Cc2

23.8057 -29.2183 18.5292
4.0964 -26.8310 8.2816
13.8506 10.3330 -0.4327

ok ok ok ok ok ok ok ok ok ok Estimatj_ng alpha and pj_ ok ok ok ok ok ok ok ok k ok
* Unrestricted beta (normalized)
BETA (transposed)
P2 C1 C2
1.0000 -1.2274 0.7784

* Estimation of parameters using given beta
BETA (transposed)
P2 C1 C2
1.0000 -1.2274 0.7784
ALPHA



P2
C1
C2
t-values for
P2
C1
C2

PI

P2

-0.0906

0.0310

-0.1144
t-values for

P2

-4.5147

1.0416

-1.5813

-0.0906
0.0310
-0.1144
alpha
-4.5147
1.0416
-1.5813

C1
0.1112
-0.0381
0.1404

C1
4.5147
-1.0416
1.5813

C2

.0705
.0241
.0890

C2

.5147
.0416
.5813
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