
Structural Error Correction Models:
A System Method for Linear Rational Expectations

Models and an Application to an Exchange Rate Model∗

Jaebeom Kim†, Masao Ogaki‡, and Minseok Yang§

October 2006

Abstract

This paper develops a system instrumental variable method to estimate the speed of adjust-

ment coefficient in the long-run equilibrium of Structural Error Correction Models for a class of

linear rational expectations models. This method is applied to an exchange rate model with

sticky prices, in which the speed of adjustment coefficient governs the half-life of the real ex-

change rate. Compared to single equation methods, the system method gives smaller half-life

estimates with sharper standard errors.

JEL Classification: C32, F31, F41

Keywords: Structural error correction model (SECM); Half-life; Purchasing power parity

(PPP); Convergence rate; Real exchange rate.

∗We thank seminar participants at the Bank of Japan, International Monetary Fund, the Ohio State University,
Southern Methodist University, University of Houston, University of Memphis, University of Michigan, the 1997
North American Winter Meeting of the Econometric Society, and the 2003 Konstanz Seminar for Monetary Theory
and Policy for their comments. Special thanks are due to two anonymous referees, Steve Cecchetti, Boris Hoffman,
G.S. Maddala, Nelson Mark, Mat Shapiro, Bill Smith, Alan Viard, Ken West (the editor) and Charles Whiteman.

†Assistant Professor, Department of Economics, Oklahoma State University, Email: jb.kim@okstate.edu.
‡Professor, Department of Economics, The Ohio State University, Email: mogaki@econ.ohio-state.edu.
§Assistant Professor, Department of Finance and Insurance, Seoul Cyber University, Email: myang@iscu.ac.kr.



1 Introduction

As Rogoff (1996) pointed out, there had been a remarkable consensus on 3 to 5 year half-life

estimates of the real exchange rates obtained by single equation methods. This consensus may

at first seem to support the reliability of these estimates, but Kilian and Zha (2002) and Murray

and Papell (2002) showed that these estimators had very large standard errors. Therefore the

remarkable consensus seems to arise from the correlation of single equation method estimators.

As shown by Choi, Mark, and Sul (2005) and Murray and Papell (2005), one way to sharpen the

standard error is to use panel data with the homogeneity restriction. It is hard to believe, however,

that this restriction is true, because factors such as menu costs that cause gradual adjustment of real

exchange rates are likely to be different across countries. In this paper, we develop an alternative

method of adding information from monetary variables to a single equation method, using an

economic model of exchange rate determination. Our empirical results from this system method

yields half-life estimates that range from 0.14 to 0.98 year, much shorter than the established

consensus of 3-5 year half-lives. Sharper standard errors from the system method, as compared to

those from the single equation method, indicate that monetary variables contain information about

half-lives of the real exchange rates.

The system method developed in this paper combines a single equation method with Hansen and

Sargent’s (1982) method, which applies Hansen’s (1982) Generalized Method of Moments (GMM)

to linear rational expectations models. The system method makes use of information from the

real exchange rate and monetary variables. In the single equation method, either OLS or an

Instrumental Variables (IV) method is applied to an autoregression of the real exchange rate. Our

system method is based on relationships of the half-life of the exchange rate with monetary variables

implied by an exchange rate model with sticky prices. The model is a one-good version of Mussa’s

(1982) model, which may be viewed as a stochastic discrete time version of Dornbusch’s (1976)

model.1 This model includes a gradual adjustment equation, in which the domestic price adjusts

to the long-run equilibrium level determined by Purchasing Power Parity (PPP) with rational

expectations. We refer to the speed of adjustment coefficient for this equation as the structural

speed of adjustment coefficient.

The system method in our paper can be applied to a class of structural Error Correction Models

(ECM). This method focuses on the estimation of the speed of adjustment towards the long-run
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equilibrium level. As Engle and Granger (1987) shows, an ECM representation exists when the

variables are cointegrated, and vice versa.2 Davidson, Hendry, Srba, and Yeo’s (1978) ECM is

widely used to estimate dynamic cointegrated systems. As Urbain (1992) and Boswijk (1994, 1995)

have pointed out, however, the standard ECMs are reduced form models just like VAR models.

An important issue for the structural ECM is the estimation of the speed of adjustment towards

the long-run equilibrium level.3 In a structural ECM, at least one linear combination of variables

gradually adjusts to the long-run equilibrium level with a constant speed of adjustment. In

general, the speed of adjustment coefficient in a structural ECM is different from the speed of

adjustment coefficient in its reduced form ECM. The structural speed of adjustment coefficient in

our application can be used to compute the half-life of the real exchange rate, and is a parameter

of interest. However, since the reduced form speed of adjustment is a nonlinear function of the

structural speed of adjustment and the interest elasticity of money demand, it cannot be directly

compared with the half-life estimates of real exchange rates in the literature.

Structural ECMs have been considered by several authors. Urbain (1992) investigates sufficient

conditions for weak exogeneity for structural ECMs. Boswijk (1994,1995) and Hsiao (1997) discuss

the relationship between the ECM and structural simultaneous equations models. However, unlike

Urbain and Hsiao, we do not assume that exogenous variables are observed by the econometrician.

Papell (1997) derives a reduced form ECM from an exchange rate model. Dolado, Galbraith

and Banerjee (1991) and Gregory, Pagan, and Smith (1993) derive structural ECMs from linear

quadratic models. They do not combine their method with Hansen and Sargent’s (1982) IV method

for linear rational expectations models.

Even though Hansen and Sargent’s (1982) method was developed for the stationary case, it is

possible to use their method for cointegrated systems as does West (1987). Just as in the stationary

case discussed by Hansen and Sargent, there are some principal virtues of the IV estimators vis-

à-vis the Maximum Likelihood (ML) estimators. First, fewer parameters need to be estimated

simultaneously than are required with the ML estimators. Second, precise parameterizations of

the disturbances need not be specified with the estimators present here, while they must be with

the ML estimators. Finally, the forcing variable in the present paper need not be strictly exogenous

but it should be with the ML approach.4
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2 Structural Models and Error Correction Models

Let ∆yt be an n-dimensional vector of first difference stationary random variables. We assume

that there exist ρ linearly independent cointegrating vectors so that A0yt is stationary, where A0

is a (ρ × n) matrix of real numbers whose rows are linearly independent cointegrating vectors.

Consider a standard ECM

∆yt+1 = k+GA
0yt +F1∆yt +F2∆yt−1 + ...+ Fpyt−p+1 + vt+1 (1)

where k is an (n × 1) vector, G is an (n × ρ) matrix of real numbers, and vt is a stationary n-

dimensional vector of random variables with bE[vt+1|Ht−τ ] = 0. bE[·|Ht] is the linear projection

operator conditional on an information set Ht which is the econometrician’s information set. In

many applications τ = 0, but we will give examples of applications in which τ > 0.5

A class of structural models can be written in the following form of a structural ECM:

C0∆yt+1 = d+BA
0yt +C1∆yt +C2∆yt−1 + ...+ Cpyt−p+1 + ut+1 (2)

where Ci is an (n× n) matrix, d is an (n× 1) vector, and B is an (n× ρ) matrix of real numbers.

Here C0 is a nonsingular matrix of real numbers with ones along its principal diagonal, and ut is a

stationary n-dimensional vector of random variables with bE[ut+1|Ht−τ ] = 0. For this study, there

is no need to assume that ut is a vector of structural shocks nor that the covariance matrix of ut is

diagonal. We just assume that an economic model implies (2). An example is given in Section 3.

We are interested in G in (1) and B in (2). G contains parameters of the speed of adjust-

ment toward the long-run equilibrium represented by A0yt (see Enders (1995) and Davidson and

MacKinnon (2004)). We assume that the gradual adjustment toward the long-run equilibrium

in the first equation in (2) is of particular interest. Thus the first row of B gives the structural

parameters of interest.6 In our model, there is only one unknown parameter in the first row of B,

and this parameter is of interest because it determines the half-life of the real exchange rate.

To see the relationship between the standard and the structural ECMs, we premultiply both

sides of (2) by C−10 to obtain (1), where k = C−10 d, G = C−10 B, Fi = C
−1
0 Ci, and vt = C−10 ut.

Thus the standard ECM estimated by Engle and Granger’s two step method or Johansen’s (1988)

ML method is a reduced form model. Hence it cannot be used to recover structural parameters

in B, nor can the impulse-response functions based on vt be interpreted in a structural way unless

some restrictions are imposed on C0. As in a VAR, various restrictions are possible for C0. A
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sufficient condition is that all the off-diagonal elements of the first row of C0 are zero. If C0 is

lower triangular without changing the order for the first equation, then this condition is satisfied.

If so, the first row of G is equal to the first row of B, and structural parameters in the first row

of B are estimated by the standard methods used to estimate an ECM. However, the structural

ECM from the exchange rate model in section 3.2 does not satisfy the sufficient condition for C0.

3 An Exchange Rate Model with Sticky Prices

3.1 The Gradual Adjustment Equation

Let pt (p∗t ) be the log domestic (foreign) price level, and et be the log nominal exchange rate. We

assume that these variables are first difference stationary and PPP holds in the long-run, so that

the real exchange rate, pt − p∗t − et, is stationary, or yt = (pt, et, p
∗
t )
0 is cointegrated with a

cointegrating vector (1, -1, -1). Let μ = E[pt − p∗t − et], then μ can be nonzero when different

units are used to measure prices in the two countries.

Using Mussa’s (1982) model, the domestic price is assumed to adjust slowly to the PPP level

∆pt+1 = b(μ+ p∗t + et − pt) +Et[p
∗
t+1 + et+1]− (p∗t + et) (3)

where ∆xt+1 = xt+1 − xt for any variable xt, E[· |It] is the expectation operator conditional on It,

the information available to the economic agents at time t, and a positive constant b (0 ≤ b ≤ 1) is

the adjustment coefficient. The idea behind (3) is that the domestic price slowly adjusts toward

its PPP level of p∗t + et, while it adjusts instantaneously to the expected change in its PPP level.

The adjustment speed is slow (fast) when b is close to zero (one). From (3),

∆pt+1 = d+ b(p∗t + et − pt) +∆p
∗
t+1 +∆et+1 + εt+1 (4)

where d = bμ , εt+1 = Et[p
∗
t+1+et+1] −(p∗t+1+et+1). Hence εt+1 is a one-period ahead forecasting

error, and E[εt+1|It] = 0. (4) can be referred to as the structural gradual adjustment equation

which implies a first order AR structure for the real exchange rate. To see this, let st = p∗t +et−pt
be the log real exchange rate. Then (4) implies

st+1 = − d+ (1− b)st − εt+1 (5)

We define the half-life of the real exchange rate as the number of periods required for a unit shock

to dissipate by one half in (5). Without measurement errors, b can be estimated by OLS directly

from (4). In the presence of measurement errors, IV are necessary.
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3.2 The Exchange Rate under Rational Expectations

Let the money demand equation and the Uncovered Interest Parity (UIP) condition be

mt = θm + pt − hit (6)

it = i∗t +E[et+1|It]− et (7)

where mt is the log nominal money supply minus the log real national income, it (i∗t ) is the nominal

interest rate in the domestic (foreign) country. In (6), we are assuming that the income elasticity

of money is one. From (6) and (7),

E[et+1|It]− et = (1/h){θm + pt − ωt − hE[(p∗t+1 − p∗t )|It]} (8)

where ωt = mt + hr∗t and r∗t is the foreign real interest rate, r
∗
t = i∗t −E[p∗t+1|It] + p∗t .

Following Mussa (1982), solving (3) and (8) as a system of stochastic difference equations

pt = E[Ft|It−1]−
∞X
j=1

(1− b)j{E[Ft−j |It−j ]−E[Ft−j |It−j−1]} (9)

et =
bh+ 1

bh
E[Ft|It]− p∗t −

1

bh
pt (10)

where Ft = (1−δ)
P∞

j=0 δ
jωt+j and δ = h/(1+h). We assume that ωt is first difference stationary.

Since δ is a positive constant that is smaller than one, this implies that Ft is also first difference

stationary. From (9) and (10), et + p∗t − pt =
bh+1
bh

P∞
j=0(1− b)j{E[Ft−j |It−j ]− E[Ft−j |It−j−1]},

which means et + p∗t − pt is stationary.7

3.3 Hansen and Sargent’s Formula

For a structural ECM representation from the exchange rate model, we use Hansen and Sargent’s

(1980, 1982) formula for linear rational expectations models. From (10),

∆et+1 =
bh+ 1

bh
(1− δ)E[

∞X
j=0

δj∆ωt+j+1|It]−
1

bh
∆pt+1 −∆p∗t+1 + εe,t+1 (11)

where εe,t+1 = bh+1
bh [E(Ft+1|It+1) − E(Ft+1|It)], so that the law of iterated expectation implies

E[εe,t+1|It] = 0. The system method using Hansen and Sargent’s (1982) method is applicable

because this equation involves a discounted sum of expected future values of ∆ωt.
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Hansen and Sargent’s (1982) method can be applied to this model by projecting the conditional

expectation of the discounted sum, E[δj∆ωt+j+1|It], onto an econometrician’s information set Ht.

We take the econometrician’s information set at t, Ht, to be the one generated by linear functions

of current and past values of ∆p∗t . For simplicity, we follow West (1987) in that we choose a single

variable to generate the information set Ht. In terms of the orthogonality condition, any variable

in It can be used for this purpose.8 Replacing E[
P∞

j=0 δ
j∆ωt+j+1|It] by the econometrician’s linear

forecast based on Ht in (11), we obtain

∆et+1 =
bh+ 1

bh
(1− δ) bE[ ∞X

j=0

δj∆ωt+j+1|Ht]−
1

bh
∆pt+1 −∆p∗t+1 + u2,t+1 (12)

where u2,t+1 = εe,t+1+
bh+1
bh (1−δ)E[(

P∞
j=0 δ

j∆ωt+j+1|It)− bE(P∞
j=0 δ

j∆ωt+j+1|Ht)] and bE[u2,t+1|Ht] =

0. Following Hansen and Sargent (1980,1982), we obtain (See appendix A.)

bE[ ∞X
j=0

∆ωt+j+1|Ht] = ξ1∆p
∗
t + ξ2∆p

∗
t−1 + ...+ ξp∆p

∗
t−p+1 (13)

A system of four equations will be9:

∆pt+1 = d+∆p∗t+1 +∆et+1 − b(pt − p∗t − et) + u1,t+1 (14)

∆et+1 = −
1

bh
∆pt+1 −∆p∗t+1 + αξ1∆p

∗
t + αξ2∆p

∗
t−1 + ...+ αξp∆p

∗
t−p+1 + u2,t+1 (15)

∆p∗t+1 = β1∆p
∗
t + β2∆p

∗
t−1 + ...+ βp∆p

∗
t−p+1 + u3,t+1 (16)

∆ωt+1 = γ1∆p
∗
t + γ2∆p

∗
t−1 + ...+ γp−1∆p

∗
t−p+2 + u4,t+1 (17)

where α = bh+1
bh (1− δ) and u1,t+1 = εt+1 with a set of nonlinear restrictions imposed by (13),

ξ0 = γ(δ)[1− δβ(δ)] (18)

ξj = δγ(δ)[1− δβ(δ)]−1(βj+1 + δβj+1 + ...+ δp−jβp) + (γj + δγj + ...+ δp−jγp)

for j = 1, ..., p. We call (14) the gradual adjustment equation, and (15)-(17) the Hansen and

Sargent equations. Given the data for [∆pt+1, ∆et+1,∆p∗t+1,∆ωt+1]
0, GMM can be applied to the

system of four equations, (14)-(17).10

It is instructive to observe the relationship between the structural ECM and the reduced form

ECM in the exchange rate model (See appendix B.). Comparing G and B shows that the speed

of adjustment coefficient for the domestic price is b in the structural model, while it is b2h/(bh+1)
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in the reduced form model. b in the structural form is not a deep structural parameter, unlike

parameters of a production function or a utility function. However, it is clearly a parameter of

interest because it determines the half-life of the real exchange rate. The reduced form speed of

adjustment coefficient is a nonlinear function of b, and thus cannot be directly compared with the

half-life estimates in the literature.

3.4 Applying the System Method to the Exchange Rate Model

To apply the system method to (14)-(17) of the exchange rate model, we need data for ∆ωt, which

requires knowledge of h. Even though h is unknown, a cointegrating regression can be applied to

money demand if money demand is stable in the long-run, as in Stock and Watson (1993). For

this purpose, we augment the model as follows:

mt = θm + pt − hit + ζm,t (19)

where ζm,t is assumed to be stationary so that money demand is stable. By redefining mt as

mt − ζm,t, the same equations as those in section 3.2 are obtained. For the measurement of ∆ωt,

the ex ante foreign real interest rate can be replaced by the ex post value because of the Law of

Iterated Expectations. Using (19), we obtain

∆ωt+1 = ∆pt+1 − h∆it+1 + h∆i∗t+1 − h(∆p∗t+2 −∆p∗t+1) (20)

With this expression, ∆ωt can be measured from price and interest rate data once h is obtained,

even if data for the monetary aggregate and national income are unavailable.

We have now obtained a system of four equations, (14)-(17). Because E[ui,t|It−τ ] = 0 andbE[ui,t|Ht] = 0, we obtain a vector of IV z1,t in It−τ for u1,t and zi,t in Ht for ui,t (i = 2, 3, 4).11

Using the moment conditions E[zi,tui,t] = 0 for i = 1, ..., 4 we form a GMM estimator, imposing

the Hansen-Sargent restrictions and the other cross-equation restrictions implied by the model.12

Given estimates of cointegrating vectors from the first step, this system method provides more

efficient estimators than Kim’s (2004) single equation method as long as the restrictions implied

by the model are true.13 The cross-equation restrictions can be tested by Wald, Likelihood Ratio

(LR) type, and Lagrange Multiplier (LM) tests in the GMM framework (see Ogaki (1993)). When

restrictions are nonlinear, LR and LM tests are known to be more reliable than Wald tests.
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3.5 A Measurement Model

In this paper we assume that yt = (pt, et, p∗t )
0 is cointegrated with (1, -1, -1). This assumption may

cause a problem in applications of the model to data in the post Bretton Woods period because

many researchers have failed to find cointegration using similar data sets. Because more favorable

evidence for the assumption is often found when a longer sample period is used, the failure to reject

no cointegration may be due to the low power of the tests in small samples (see, Rogoff (1996)).

Because the evidence is mixed, a sensitivity analysis for this assumption is in order. For the

sensitivity analysis, we employ Cheung and Lai (1993) and Fisher and Park’s (1991) model with

measurement errors to allow the cointegrating vector to differ from (1, -1, -1).

The model with measurement errors suggests a single equation method and a system method

with IV. For the single equation method, OLS is typically used as in Kim (2004). However, in

the model with measurement errors, the OLS estimator is not consistent. Instead, we can use

a two-step single equation method. In our system method with measurement errors, a two-step

method is also employed (See appendix C.).

4 Empirical Results

We use quarterly data from 1974 Q1 to 2001 Q1 for Canada, France, Germany, Italy, Japan,

the United Kingdom, and the United States. Exchange rates, CPI data, three month T-bill

rates, nominal and real gross domestic products for the countries are taken from the International

Financial Statistics (IFS). However, the DRI data is used for the UK, and three-month deposit

rates are employed for Japan because T-bill rates are not available. To estimate interest elasticity

of money demand, we use the sum of M1 and Quasi Money as the measure of the money stock, as

the IFS suggests. The US dollar is the base currency.14

[TABLE 1 ABOUT HERE]

[TABLE 2 ABOUT HERE]

For the measurement error model, we need estimates of the coefficients in the cointegrating

relationship, which is based on PPP. According to Table 1, the deterministic cointegrating restric-

tions are rejected for 2 out of 6 cases at the five percent significance level. For most cases, the null

8



of stochastic cointegration is not rejected at the five percent significance level for any H(1, q) test

in the table.15 Based on the CCR results for the money demand equations in Table 216, the null of

stochastic cointegration is rejected only for Germany, regardless of the assumption of measurement

errors, and the deterministic cointegrating restriction is rejected for Germany, Italy, and Japan at

the five percent level when we allow for measurement errors. In all cases the signs of the estimates

for the interest elasticity of money demand are negative, as predicted by the economic model. For

Canada and France, the specification of measurement errors does not affect the estimates for the

interest elasticities. However, most estimates from the measurement error models have smaller

values than those from the models without measurement error.

[TABLE 3 ABOUT HERE]

In Table 3 we report the results of GMM estimation using the system method with an additional

sample period, to see whether the creation of the German Economic and Monetary Union affects

our results.17,18 In the system method, the structural speed of adjustment coefficient b appears

in both the gradual adjustment equation and the Hansen-Sargent equations. The model imposes

the restriction that b in the gradual adjustment equation is the same as b in the Hansen-Sargent

equations. In the case of unrestricted estimation, bhs is from the Hansen-Sargent equations, and

bga is from the gradual adjustment equation. The restricted estimate is denoted by br. The LR

type test statistic denoted by LR, is used to test the restriction. In all cases this restriction is not

rejected at the five percent level. Furthermore, for the test of the Hansen-Sargent restrictions in

(18), we also report the LR type test statistic, denoted by LR1. For all cases the null hypothesis is

not rejected at the five percent level, which is evidence in favor of the Hansen-Sargent restrictions.

The half-life estimate is based on the restricted estimate of b in (5) and is calculated as

0.25 ln(0.5)/ ln(1 − b). Most of them are significant at the five percent level. The half-life es-

timates range from 0.14 to 0.98 year and are much shorter than the established consensus of 3-5

year half-lives in single equation methods. As explained by Rogoff (1996), price adjustment within

1 or 2 years is plausible, but the consensus of 3-5 years is a puzzle. Given that Murray and Papell

(2002) find that the single equation methods do not give much information about the half-lives,

the fact that the system method yields more plausible estimates suggests that it extracts useful

information about the half-lives.
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5 Concluding Remarks

We employed Mussa’s (1982) model to interpret estimates of an ECM in terms of the structural

model because the model fits easily into our structural econometric framework. This paper is just

an initial step toward utilizing information from an economic model to estimate the structural

speed of adjustment coefficient in an ECM. The model assumes the long-run PPP for CPI-based

real exchange rates and UIP for the short-term interest rate differentials and implies that the real

exchange rate is a first order AR. All of these are often rejected by data. Therefore the economic

model is very likely to be misspecified. In many applications of structural econometrics, restrictions

imposed by economic models may be misspecified and the estimators may be inconsistent as a result.

However, if restrictions are approximately true for an application, the benefit of a smaller variance

by imposing restrictions may more than compensate for the cost of inconsistency.19

It is beyond the scope of the present paper to see how sensitive the results are when we relax

these assumptions. However, Kim and Ogaki (2004), Kim (2005), and Kim (2006) have relaxed

some of the assumptions, and the result that half-life estimates are shorter than Rogoff’s (1996)

consensus of 3 to 5 years when monetary variables are used together with the real exchange rate in

system methods has been robust. The first two of these papers relax the long-run PPP assumption

by modifying the system method developed in this paper to a two-good model and applied it to

traded and non-traded good prices.20 The third paper used a different monetary model based on

a Taylor rule. In future work, we also plan to relax the UIP assumption. As in Lim and Ogaki’s

(2003) model, the UIP essentially holds for the long-term interest rate differential, but the forward

premium anomaly exists for the short-term interest differential. It may be possible to develop a

system method based on the UIP for the long-term interest rate differential.
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A Derivation of (13)

As in Hansen and Sargent (1980, 1982), bE[·|Ht] is the linear projection operator onto H t and there

exist possibly infinite order lag polynomials β(L), γ(L), and ξ(L), such that

bE[∆p∗t+1|Ht] = β(L)∆p∗t (A1)

bE[∆ωt+1|Ht] = γ(L)∆p∗t (A2)

bE[ ∞X
j=0

δj∆ωt+j+1|Ht] = ξ(L)∆p∗t (A3)

Then, following Hansen and Sargent (1980), we obtain the restrictions imposed by (12) on ξ(L) :

ξ(L) =
γ(L)− δL−1γ(δ)[1− δβ(δ)]−1[1− Lβ(L)]

1− δL−1
(A4)

Assume that linear projections of ∆p∗t+1 and ∆ωt+1 onto Ht have only a finite number of ∆p∗t

terms: bE[∆p∗t+1|Ht] = β1∆p
∗
t + β2∆p

∗
t−1 + ...+ βp∆p

∗
t−p+1 (A5)

bE[∆ωt+1|Ht] = γ1∆p
∗
t + γ2∆p

∗
t−1 + ...+ γp−1∆p

∗
t−p+2 (A6)

We assume β(L) is of order p and γ(L) is of order p − 1 in order to simplify the exposition, but

we do not lose generality because either βi or γi can be zero. Then (A4) implies that ξ(L) =

ξ0 + ξ1L+ ...+ ξpL
p, where

ξ0 = γ(δ)[1− δβ(δ)]−1 (A7)

ξj = δγ(δ)[1− δβ(δ)]−1(βj+1 + δβj+1 + ...+ δp−jβp) + (γj + δγj + ...+ δp−jγp)

for j = 1, ..., p. Thus

bE[ ∞X
j=0

∆ωt+j+1|Ht] = ξ1∆p
∗
t + ξ2∆p

∗
t−1 + ...+ ξp∆p

∗
t−p+1 (A8)

B Structural ECM and reduced form ECM

We have ∆yt+1 = [∆pt+1, ∆et+1,∆p∗t+1,∆ωt+1]
0, B = [− b, 0, 0, 0]0, A = [1,−1,−1, 0]0,

C0 =

⎡⎢⎢⎣
1 −1 −1 0
1/bh 1 1 0
0 0 1 0
0 0 0 1

⎤⎥⎥⎦ , (B1)
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and

Cj =

⎡⎢⎢⎣
0 0 0 0
0 0 αξj 0
0 0 βj 0
0 0 γj 0

⎤⎥⎥⎦ (B2)

for j = 1, ..., p. For any nonzero constant ψ, ψ(1, -1, -1)0 is also a cointegrating vector. However,

the first row of B in (2) is b only when ψ is normalized to one. As discussed in the text, a sufficient

condition for identification of b by the reduced form ECM is that all the off-diagonal elements of

the first row of C0 are zero. From equation (B1), however, the structural ECM from the exchange

rate model does not satisfy this condition. Even though some structural models may be written in

the form that satisfies the sufficient condition, this example suggests that many structural models

cannot be written in that particular form. Because

C−10 =

⎡⎢⎢⎣
bh/(bh+ 1) bh/(bh+ 1) 0 0
−1/(bh+ 1) bh/(bh+ 1) −1 0

0 0 1 0
0 0 0 1

⎤⎥⎥⎦ , (B3)

G = C−10 B = [−b2h/(bh+ 1), b/(bh+ 1), 0, 0]0.

C Derivation of a system with measurement errors

Let pmt (p
∗,m
t ) be the log measured domestic (foreign) price, which are related to the true prices by

pmt = θ + φpt + vt (C1)

p∗,mt = θ∗ + φ∗p∗t + v∗t (C2)

where Et−1[vt] = 0 and Et−1[v∗t ] = 0. We assume that the model in Section 3 is correct for the true

price levels, but that only measured prices that follow (C1) and (C2) are observed. In particular,

we assume that true prices follow the model of section 3 and satisfy PPP in the long-run. Then

pmt − φet − (φ/φ∗)p∗,mt = (θ − θ∗φ/φ∗) + φ(pt − et − p∗t ) + [vt − (φ/φ∗)v∗t ] (C3)

is stationary. Hence, yt = (pmt , et, p
∗,m
t )0 is cointegrated with a cointegrating vector (1,−φ,−φ/φ∗).

To obtain an estimate of the cointegrating vector, we run a cointegrating regression of the form

pmt = ψ0 + ψ1et + ψ2p
∗,m
t + ζt (C4)

where ψ1 = φ, ψ2 = φ/φ∗, and ζt is stationary with mean zero.
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To obtain the gradual adjustment equation with measurement errors, we use (4) and ∆pmt+1 =

φ∆pt+1 +∆vt+1 to obtain

∆pmt+1 = d− b[pmt − φet − (φ/φ∗)p∗,mt ] + (φ/φ∗)∆p∗,mt+1 + φ∆et+1 + wt+1 (C5)

where d = b(μ+ θ− θ∗φ/φ∗), and wt+1 = φεt+1 + vt+1− (1− b)vt− (bφ/φ∗)vt+1+ (1− b)(φ/φ∗)v∗t .

Here, Et−1[wt+1] = 0. Since pmt and p∗,mt are observed, (C1) and (C2) are substituted into (14)-

(17) to express these equations in terms of measured prices. It is also assumed that Ht is the

information set generated by the current and past values of ∆p∗,mt instead of ∆p∗t . For ∆ωt, we

use

∆ωmt+1 =
1

φ
∆pmt+1 − h∆it+1 + h∆i∗t+1 −

h

φ∗
(∆p∗,mt+2 −∆p

∗,m
t+1) (C6)

so that

∆et+1 = d2 +
bh+ 1

bh
(1− δ) bE[ ∞X

j=0

δj∆ωmt+j+1|Ht]−
1

bhφ
∆pmt+1 −

1

φ∗
∆p∗,mt+1 + um2,t+1 (C7)

where um2,t+1 = u2,t+1− bh+1
bh (1− δ) bE[ 1φvt− h

φ∗ v
∗
t |Ht] +

1
bhφ∆vt+1−

1
φ∗∆v

∗
t+1and bE[um2,t+1|Ht−1] = 0.

In addition, because of the measurement error as in (C1),

mt = θ2 + (1/φ)p
m
t − hit + ζ2,t (C8)

For the two-step single equation method, in the first step we run a cointegrating regression (C4).

In the second step, the estimates of ψ1 = φ, ψ2 = φ/φ∗ can be used to estimate (C5) with IV. In

our system method with measurement errors, (14) is replaced by (C5), and (C5) is estimated with

instrumental variables. Thus we run two cointegrating regressions, (C4) and (C8), in the first step.

In the second step, GMM is applied to the system of four equations which consist of (C5) and :

∆et+1 = −
1

bhφ
∆pmt+1 −

1

φ∗
∆p∗,mt+1 + αξ1∆p

∗,m
t + αξ2∆p

∗,m
t−1 + ...+ αξp∆p

∗,m
t−p+1 + um2,t+1 (C9)

∆p∗,mt+1 = β1∆p
∗,m
t + β2∆p

∗,m
t−1 + ...+ βp∆p

∗,m
t−p+1 + u3,t+1 (C10)

∆ωmt+1 = γ1∆p
∗,m
t + γ2∆p

∗,m
t−1 + ...+ γp−1∆p

∗,m
t−p+2 + u4,t+1 (C11)

where h is replaced by its estimate from (C8) and φ and φ∗ are replaced by their estimates from

(C4).
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Footnotes

(1) Kim (2006) used the system method with a different monetary model based on a Taylor rule,

and obtained half-life estimates that are shorter than 3-5 years and longer than our estimates.

Hence our conclusion that using monetary variables lead to half-life estimates that are shorter

than the consensus of 3-5 years from the single equation methods seem robust to the choice

of the monetary model.

(2) There exist economic models in which the regularity conditions of the theorem do not apply

as shown in Ogaki (1998). However, the model in this paper is not subject to this criticism.

(3) Another important issue for structural ECM is identification of structural shocks. However,

it is beyond the scope of this paper. The term Vector ECM (VECM) is usually used for

this. See King, Plosser, Stock, and Watson (1991), Jang (2000), Jang and Ogaki (2004),

Eichenbaum and Evans (1995) and Kim and Roubini (2000) for details.

(4) This does not mean that our estimators dominate the ML estimators in all applications, but

means that our estimators are more appropriate in some applications such as ours.

(5) We will treat more general cases in which the expectation of vt+1conditional on the economic

agents’ information is not zero, but the linear projection of vt+1onto an econometrician’s

information set is zero.

(6) Even though cointegrating vectors are not unique, we assume that there is a normalization

that uniquely determines A so that parameters in B have structural meanings, as in Section

3.

(7) This implies that (pt, et, p∗t )
0 is cointegrated with (1,-1,-1). This assumes that Et(Ft) −

Et−1(Ft) is stationary, which is true for a large class of first difference stationary variable F t

and information sets. This shows that the assumption of cointegration made for equation

(3) is consistent with the other assumptions for the model.

(8) There is a sense in which ωt is a more natural variable to choose. However, the measurement

of ωt is subject to h, which is estimated by a cointegrating regression. Because of super

consistency, h can be treated as the true value for our GMM estimation. However, it seems
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prudent to avoid using ωt as instruments, so that empirical results are more likely to be robust

with respect to h.

(9) We use (4), (12), (A1), (A2), and (13) to obtain this system of four equations.

(10) We do not use the GMM estimators that use all available orthogonality conditions discussed

in Hansen and Sargent (1982). Assuming that there is no drift term in each of the first

difference stationary variable in the model, we do not include the constant terms in (15)-(17).

For this reason, we do not have the additional restrictions on the constant terms derived

in West (1989). As a sensitivity analysis, we included constant terms in (15)-(17) without

imposing West’s restrictions, and obtain qualitatively similar results as reported in this paper.

The results are available upon request.

(11) The list of instruments we used are as follows, for the case without measurement errors, (1, st)

for (14), (1,∆p∗t ,∆p
∗
t−1) for (15), and (∆p

∗
t ,∆p

∗
t−1) for (16) and (17). For the cases with

measurement errors, (1,∆p∗t−3) for (14), (1,∆p
∗
t−3,∆p

∗
t−4) for (15), and (∆p

∗
t−3,∆p

∗
t−4) for

(16) and (17).

(12) Only pt adjusts gradually, but b affects the dynamics of other variables because of interactions

between pt and those variables. Due to this, there will be cross-equation restrictions involving

b, in addition to the restrictions (A7).

(13) In de Jong (2001), the first step estimation can affect the asymptotic distributions of the

second step estimator because of the nonlinear restrictions in the system method. However,

since the equations are linear, the regularity conditions are likely to hold.

(14) As a sensitivity analysis, we have used all the currencies as the numeraire, and the results are

available in our working paper.

(15) For the definitions of stochastic and the deterministic cointegration restriction, see Ogaki and

Park (1998).

(16) For measurement errors, one estimate is from (3) and the other is from (19). If the two

estimates are significantly different, it might imply misspecification of the model. Never-

theless, we use the estimates in Table 1 because we are more interested in PPP. Park and
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Ogaki (1991) suggest Seemingly Unrelated CCR, but since the small sample properties of

their estimator are not better than CCR, we use the estimates from CCR.

(17) For the order of AR processes, the AIC recommended p = 2 for all data set. The QS kernel

with automatic bandwidth is used for serial correlation.

(18) To test for the quality of the instruments, we employed the Stock and Yogo (2004) test.

Based on the actual size of the 5% TSLS t test, we reject the null of weak instruments for all

cases. The results of the Stock and Yogo test are also available upon requests.

(19) Some evidence against the first order AR structure has been found for higher order AR

structure for real exchange rates. However, Murray and Papell’s (2002) estimates for half-

lives based on the first order AR are strikingly similar to the corresponding estimates based

on higher order AR impulse responses.

(20) See Kim (2005) and Kim and Ogaki (2004) for details.
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Table 1. Purchasing Power Parity

Currency(1) ψ
(2)
0 φ(3) φ/φ∗(4) H(0, 1)(5) H(1, 2)(6) H(1, 3)(7)

CA/U.S. 0.019 0.109 0.991 138.61 0.426 1.472
(0.244) (0.177) (0.063) (0.000) (0.513) (0.478)

FR/U.S. 0.006 0.237 0.906 0.401 0.231 0.921
(0.312) (0.112) (0.069) (0.526) (0.630) (0.631)

GE/U.S. -0.053 0.195 0.957 5.237 2.436 4.357
(0.980) (0.429) (0.114) (0.022) (0.118) (0.113)

IT/U.S. -1.045 0.185 0.910 0.488 0.327 0.472
(0.849) (0.154) (0.138) (0.484) (0.567) (0.789)

JP/U.S. -2.469 0.282 1.252 0.858 10.121 10.512
(1.212) (0.126) (0.143) (0.354) (0.001) (0.005)

U.K./U.S. 0.438 0.067 0.899 3.054 6.566 7.201
(0.350) (0.161) (0.071) (0.080) (0.010) (0.027)

Note: Results for pmt = ψ0+φet+(φ/φ
∗)p∗,mt +ζt. Column (1): currencies. Columns (2)∼(4): Standard

errors are in parentheses. H(p, q) is a Wald test statistic with an estimate of the long-run variance of a

regression with a q-th order polynomial for the hypothesis that the last q-p coefficients are zero. H(0, 1)

tests null hypothesis of the deterministic cointegrating restriction and H(1, q) tests the null hypothesis of

stochastic cointegration. Columns (5)∼(7): P-values are in parentheses.
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Table 2. Money Demand Equation

Country(1) θ
(2)
2 1/φ(3) h(4) H(0, 1)(5) H(1, 2)(6) H(1, 3)(7)

CA -0.046 1 30.031 1.019 0.445 1.098
(0.247) (9.875) (0.313) (0.505) (0.578)
0.464 1.899 40.791 0.523 4.681 4.792
(0.456) (0.240) (16.200) (0.469) (0.030) (0.091)

FR -0.341 1 5.661 4.823 0.963 1.183
(0.071) (3.182) (0.028) (0.326) (0.554)
-0.337 0.253 5.560 2.036 0.097 0.321
(0.014) (0.038) (0.636) (0.153) (0.755) (0.851)

GE -0.272 1 17.882 1.537 1.600 4.575
(0.165) (9.856) (0.215) (0.206) (0.102)
-0.454 1.597 3.003 11.500 18.610 18.650
(0.022) (0.050) (1.307) (0.001) (0.000) (0.000)

IT -0.205 1 7.847 3.755 0.753 2.424
(0.172) (4.807) (0.053) (0.386) (0.298)
-0.508 0.078 1.994 9.247 1.560 5.979
(0.041) (0.013) (1.073) (0.002) (0.212) (0.050)

JP -11.312 1 39.661 3.274 3.229 5.353
(0.059) (5.827) (0.070) (0.072) (0.069)
-13.951 1.520 8.089 13.020 0.035 0.674
(0.784) (0.171) (5.228) (0.000) (0.852) (0.714)

U.K. 10.662 1 111.312 1.853 0.088 0.597
(3.410) (128.3) (0.173) (0.766) (0.742)
8.982 2.265 27.560 2.942 0.129 5.562
(0.273) (0.116) (9.306) (0.086) (0.720) (0.062)

U.S. -5.151 1 12.779 0.001 1.678 17.232
(0.156) (6.875) (0.965) (0.195) (0.000)
-4.951 0.960 14.208 1.631 2.735 24.362
(0.781) (0.168) (7.507) (0.201) (0.098) (0.000)

Note: Results for mt= θ2+(1/φ)p
m
t −hit+ζ2,t. Column (1): domestic countries. Columns (2)∼(4):

Standard errors are in parentheses. H(p, q) is a Wald test statistic with an estimate of the long-run variance

of a regression with a q-th order polynomial for the hypothesis that the last q-p coefficients are zero. H(0, 1)

tests the null hypothesis of the deterministic cointegrating restriction and H(1, q) tests the null hypothesis

of stochastic cointegration. Columns (5)∼(7): P-values are in parentheses.
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Table 3. The System Method Results for CPI-based Real Exchange Rates

Country(1) φ(2) φ/φ∗(3) Half-Life(4) b
(5)
r J

(6)
r b

(7)
u,hs b

(8)
u,ga J

(9)
u LR(10) LR1(11)

CA/U.S. 1 1 0.18 0.611 5.507 2.422 1.087 5.418 0.089 0.309
(0.036) (0.177) (0.239) (1.624) (0.646) (0.143) (0.765) (0.856)

0.109 0.991 0.28 0.464 5.503 5.960 0.516 4.012 1.491 1.667
(0.080) (0.112) (0.239) (25.191) (0.387) (0.260) (0.222) (0.434)

FR/U.S. 1 1 0.68 0.224 5.551 1.366 0.601 4.779 0.772 0.077
(0.764) (0.072) (0.235) (1.454) (0.177) (0.188) (0.379) (0.962)

0.237 0.906 0.16 0.663 4.466 0.467 2.338 3.351 1.115 0.935
(0.008) (0.066) (0.346) (0.116) (0.534) (0.340) (0.291) (0.626)

GE/U.S. 1 1 0.21 0.557 5.669 1.779 0.766 3.768 1.901 0.317
(0.061) (0.190) (0.225) (1.541) (0.218) (0.287) (0.168) (0.853)

73:I∼90:II 0.16 0.651 3.409 2.046 0.849 2.921 0.488 0.216
(0.029) (0.201) (0.491) (1.568) (0.222) (0.403) (0.484) (0.897)

0.195 0.957 0.98 0.162 3.182 -1.043 0.782 1.301 1.881 1.744
(1.475) (0.047) (0.527) (0.863) (0.234) (0.728) (0.170) (0.417)

73:I∼90:II 0.95 0.167 3.201 1.021 0.784 1.712 1.489 0.242
(1.591) (0.056) (0.524) (0.963) (0.229) (0.634) (0.222) (0.885)

IT/U.S. 1 1 0.27 0.475 7.098 -8.767 0.355 6.723 0.375 1.017
(0.105) (0.162) (0.131) (7.150) (0.177) (0.081) (0.540) (0.601)

0.185 0.901 0.16 0.661 2.903 0.812 0.104 2.559 0.344 1.451
(0.006) (0.044) (0.574) (0.505) (1.179) (0.464) (0.557) (0.484)

JP/U.S. 1 1 0.92 0.172 7.113 25.060 0.132 6.162 0.951 0.618
(0.489) (0.019) (0.130) (21.918) (0.058) (0.104) (0.329) (0.734)

0.282 1.252 0.54 0.275 2.444 0.334 0.829 2.268 0.176 0.075
(0.307) (0.059) (0.654) (0.190) (1.359) (0.518) (0.674) (0.962)

U.K./U.S. 1 1 0.20 0.576 6.380 5.896 0.635 5.716 0.664 0.969
(0.055) (0.201) (0.172) (18.299) (0.165) (0.126) (0.415) (0.615)

0.067 0.899 0.14 0.701 3.821 0.266 0.484 3.078 0.743 0.898
(0.022) (0.225) (0.430) (0.164) (1.362) (0.379) (0.388) (0.638)

Note; For the unrestricted estimation, bu,hs is the estimate for the speed of adjustment coefficient

obtained from Hansen and Sargent equations (15)-(17) and bu,ga is the estimate for the coefficient obtained

from the price adjustment equation (14). LR is the likelihood ratio type test comparing the J-statistics

from restricted and unrestricted GMM with respect to the restriction that b in the gradual adjustment

equation is the same as b in the Hansen-Sargent equations. LR1 is the likelihood ratio type test comparing

the J-statistics from restricted and unrestricted GMM with respect to the Hansen-Sargent restrictions. Thus

LR1 tests the restrictions in equation (18). Column (1): currencies. Columns (2) and (3) are from Table 1.

Columns (4), (5), (7) & (8): Standard errors are in parentheses. Columns (6), (9) , (10) & (11): P-values

are in parentheses. Columns (4): Half-life in years.
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