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ABSTRACT 

 

 A Moment Ratio (MR) estimator is proposed for the parameters of an 

Autoregressive (AR) model of the error in an Ordinary Least Squares linear regression.  

Although it is computed from standard residual autocovariances, it provides corrected 

regression parameter standard errors with far less median bias and confidence intervals 

with far better coverage than conventional alternatives.  The estimator is in the spirit of 

the Median Unbiased estimator of Andrews (1993), but is far more easily computed.   

 

 The MR estimator uses the same autocorrelation information that goes into the 

popular Newey-West (1987) HAC covariance estimator under a standard automatic 

bandwidth selection rule, and thereby shares the autocorrelation-consistency of its 

covariance estimates when the autoregressive order and bandwidth are selected by the 

same rule.  However, since it neither truncates the autocovariogram nor downweights the 

autocovariances it does use, it greatly dominates HAC covariance estimates in terms of 

median bias, mean bias, and size distortion in simulations of a trendline regression with 

autoregressive errors.  Furthermore, since it corrects much of the bias in direct Method of 

Moments (MM) estimates of the autoregressive structure, it dominates MM covariance 

estimates in terms of both median bias and size distortion.    

 

 The presence of a unit root in the errors, and therefore the absence of a 

cointegrating relationship among the regression variables, requires reposing the problem, 

but does not by itself indicate that an OLS correlation between the variables is spurious.  

The MR estimator is quite biased in this limit, but still outperforms both MM and HAC.  

A unit root test based on the MR estimator is developed and found to have only moderate 

size distortion in simulations.  Imposing a unit root when it cannot be rejected greatly 

improves confidence interval coverage.  

 

 The MR estimator is applied to a demand function for monetary base net of 

interest-bearing excess reserves.  Despite a near-unit-root in the MR estimates, both the 

income elasticity and interest semi-elasticity remain highly significant in the base 

demand equation.  A unit root cannot be rejected by the MR test.  However, even when a 

unit root is imposed, both slopes remain significant, so that the regression is not spurious 

despite the absence of a cointegrating relationship.. 
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1.  Introduction  

 

 Serial Correlation is a pervasive problem in time series models in econometrics, 

as well as in statistics in general.  When, as is often the case, positive serial correlation is 

present in both the errors and the regressors, it has long been well known that Ordinary 

Least Squares (OLS) standard errors are generally too small, and hence the derived t-

statistics too large.
1
  

 

 If the form and parameters of the error serial correlation were known, it is 

elementary to compute correct standard errors for OLS regression coefficients.  However, 

observed regression residuals are typically much less persistent than the unobserved 

regression errors.  Correlations estimated directly from the regression residuals therefore 

provide inadequate indication of the serial correlation that is actually present.  This 

problem is particularly severe as the persistence in the errors approaches or even reaches 

a unit root.   

 

 The present paper proposes a Moment Ratio (MR) estimator for the parameters of 

an Autoregressive (AR) model of the errors in an OLS regression.  Although it is 

computed from conventional correlation coefficients, it reduces their negative bias, and 

provides standard errors with far less median bias and confidence intervals with far better 

coverage than conventional alternatives.  The MR estimator is in the spirit of the Median 

Unbiased estimator of Andrews (1993) and McCulloch (2008), but does not require 

laborious Monte Carlo simulation of the distribution of the sample autocorrelations. 

 

By allowing the AR order to increase with the sample size by the same formula 

that is commonly used for Newey-West (1987) HAC standard errors, it shares their 

consistency with respect to autocorrelation, but without their substantial finite-sample 

bias.  A modification of the homoskedastic MR estimator is proposed to capture 

regressor-conditional heteroskedasticity with less finite-sample bias than the Newey-

West estimator.   

 

 A unit root in the errors requires reposing the problem and greatly increases the 

variance of OLS slope coefficients, but otherwise presents no insurmountable difficulties.  

In particular, the presence of a unit root in the errors does not by itself indicate that an 

OLS regression is spurious.  A unit root test in the spirit of that of Andrews (1993) is 

developed that has only moderate size distortion in simulations using a trendline 

regression.  

 

 The Moment Ratio estimator is applied to a demand function for real Net 

Monetary Base, i.e. the monetary base net of interest-bearing excess reserves.  The MR 

standard errors are much higher than conventional alternatives.  The income elasticity 

and interest semi-elasticity remain highly significant even after correction for the serial 

correlation.  The MR persistence coefficient falls short of unity at 0.927, but a unit root 

cannot be rejected at the 5% test size (p = .117).  However, even if a unit root is imposed, 

                                                 
1
  This understanding goes back at least to Bartlett (1935) and Quenouille (1952). 
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both slopes remain significant so that the regression is not spurious even in the absence of 

a cointegrating relationship.   

 

 Section 2 below reviews basic theory.  Section 3 develops the ñMR(1)ò model, 

i.e. the MR estimator in the case of stationary AR(1) errors, and compares the derived 

standard errors to conventional alternatives.  Section 4 discusses the Newey-West HAC 

estimator.  Section 5 develops the modifications required for the MR(1) estimator in the 

unit root case.  Section 6 investigates the bias in MR(1) standard errors using Monte 

Carlo simulations.  Section 7 develops an exact unit root test for the case of AR(1) errors.  

Section 8 develops the MR(p) estimator, which extends the MR(1) estimator to a more 

general AR(p) error process.  Section 9 uses simulations to compare the bias and size 

distortion of the MR(p) estimator to that of OLS, HAC, and direct Method of Moments, 

in addition to the non-parametric approach of Kiefer, Vogelsang and Bunzel (2000).  An 

MR-HAC estimator is proposed.  Section 10 develops an approximate unit root test for 

the MR(p) case, and finds that it has only moderate size distortion.  Section 11 applies the 

MR estimator to a demand function for real Net Monetary Base.  Section 12 concludes.   

 

2.  Basics 

 

 Consider a time-series linear regression of the form  

  ŮXɓy +=         (1) 

where X is an n ³ k matrix of exogenous regressors whose first column is a vector of 

units so that b1 is the intercept.  We assume that the n ³ 1 error vector e has mean 0, is 

independent of X, and, if stationary, has a time-invariant autocovariation structure,  

  ( )||)'E( ji-== gŮŮũ .   

 The OLS estimator of b,  

  ŮXXXɓyXXXɓ ')'(')'(Ĕ 11 -- +==  

then has covariance matrix
2
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,)'(')'(

)'(')'(
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XXũXXXX

XXXŮŮXXX

ɓCovC
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.     (2) 

where R is the population autocorrelation matrix, 

  ( ) 0|| /gr ũR == -ji .       (3) 

      

The vector of observed OLS residuals equals the ñannihilator matrixò M  times the 

vector of unobserved errors:   

  MŮŮXXXXIe =-= - )')'(( 1 .     (4) 

Define  

  ,1,,0),(tr -== njs jj 2ee'  

                                                 
2
  See, e.g., Greene (2003: 193). 

 



 5 

where the j-th order trace operator trj( ) for an n³n matrix A = (ai,j) is defined by 

  ä
-

=

+=
jn

i

jiij a
1

,)(tr A . 

The residual autocorrelations are then customarily
3
 computed from the residuals as 

  1,,0,/ 0 -== njssr jj 2 .      (5) 

In general, 

  ,)'E(E MũMMŮŮMee' ==       (6) 

so that  

  )(tr)(trE 0 MRMMũM jjjs g== .     (7) 

 

Under the classic OLS assumption Iũ 0g= , (3) becomes  

  1

0 )'( -= XXC gOLS .       (8) 

In this case, 

  
kn

s
s

-
= 02         (9) 

is an unbiased estimator of g0.  Furthermore,  

  12 )'(Ĕ -= XXC sOLS        (10) 

is an unbiased estimator of C.  However, when, as is often the case, the errors and 

regressor(s) are both positively serially correlated, s
2
 is no longer unbiased and OLS

CĔ will 

underestimate the variances of thejɓ
Ĕ.   

 

 If G, or even R, were known, Generalized Least Squares (GLS) would provide the 

efficient estimator of b, along with an unbiased estimate of its variance.
4
  However, when 

the covariance structure must be computed from the regression residuals, Hayashi (2000: 

59) warns that the finite-sample properties of the Feasible GLS estimator of b are 

unknown.  The present paper therefore restricts itself, in the spirit of Newey and West 

(1987), to the problem of estimating the covariance matrix of the OLS estimator, even in 

the unit-root and near-unit-root case.   

  

3.  Stationary AR(1) errors 

 

                                                 
3
  This definition follows Hayashi (2000: 408), Greene (2003: 268), and others, by taking the ratio of the 

sum of n-j terms to that of n terms, to obtain what might be called the weak sample autocovariances.  The 

strong autocovariance, defined as the ratio of the average value of etet-j to the average value of ej
2
, by 

analogy to the population autocovariance gj,  is larger by a factor of n/(n-j) and is less biased.  However,  

the convention employed has little effect for small value of j and does not affect the proposed Moment 

Ratio estimator, provided it is used consistently. 

 
4
  Choi, Hu and Ogaki (2008) thus recommend estimating regressions with unit root and near-unit-root 

errors more efficiently by Feasible GLS (FGLS).  However, they still estimate the AR(1) coefficient by an 

OLS regression of the OLS residuals on one lag of themselves and therefore employ a biased (though 

consistent) estimate of this coefficient.  Basing FGLS on the less-biased MR estimate of the AR(1) 

coefficient instead would yield superior finite sample properties.   
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 The serial correlation in econometric time series regressions is often 

approximately AR(1) in structure:  

  ,1 ttt u+= -eje        (11) 

where the innovations ut are iid with mean 0 and finite variance 2s .  Under (11), the 

population autocorrelations are  

  j

j jr= .        (12) 

For the moment, we assume |j| < 1.  The unit root case j = 1 requires reposing the 

problem somewhat, and is discussed in Section 5 below.   

Figure 1 illustrates the autocovariance function for a simple trendline regression 

  tt ty ebb ++= 21 ,       (13) 

whose errors are an AR(1) process with j = 0.9 and s
2
 = 1.  The blue line shows the true 

autocovariances g0, ... gn-1.  These decay geometrically from ( )20 1/1 jg -=  by factors of 

j and are all positive.  A pseudo-random draw from this process was constructed with 

Gaussian innovations, and was fit by OLS to a linear trend with an intercept.  The 

irregular green line plots the estimated (strong) autocovariances of the residuals,  

  ( ))/Ĕ jnsj

OLS

j -=g .   

These estimated autocovariances initially do decay at an approximately geometric rate.  

However, they exhibit three typical problems:  First, OLS

0
Ĕg  greatly understates the true 

unconditional variance g0.  Second, they decay faster initially than the true rate j.  And 

third, after the first several lags, they begin to fluctuate randomly because of reduced 

independent sample size and hence become no longer informative.  

The red line in fig. 1 is the autocovariance function of an AR(1) process fit to the 

first two autocorrelations by the direct Method of Moments (MM).  This initially captures 

the geometric shape of the true autocovariances, while it ignores the uninformative 

behavior of the estimated autocovariances at the long end.  However, it starts with too 

low a value, and then decays at too fast a rate.  Hence it will tend to give too small a 

value to the estimated standard errors of the regression parameters when substituted into 

equation (2).
5
   

 

                                                 
5
  The cyan line in Figure 1 identified as Newey West BW4 is discussed in Section 4 below. 
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Figure 1 
 

 Figure 2 illustrates  

  )/()(tr/E 00

2 kns -= MRMg ,      (14) 

the expectation of s
2
 relative to the true variance g0 of the regression errors, as a function 

of the true AR(1) parameter j, in the case of the simple trend line model with sample size 

n = 100.  For j > 0 this ratio is less than unity, and hence s
2
 is downward biased.  This 

bias depends on the observed regressor matrix X by way of M , but is also a function of 

the unknown parameter j via the correlation matrix R.  As j = 1 is approached, this bias 

actually becomes infinite, since g0 is infinite while the expectation of OLS

0
Ĕg  is necessarily 

finite when an intercept is included in the regression.    
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Figure 2. 

Bias in s
2
 relative to the true variance g0 of the regression errors, in a trend line regression 

with AR(1) errors, as a function of the true AR(1) parameter j. 

 

 

   In order to correct these deficiencies in the AR(1) case, we define the Moment 

Ratio function for r1 as the ratio of the population moments whose sample counterparts 

define 1r  per (5) and (7): 

  )(/tr)(tr);ɣ( 01 MRMMRMX =j .       (15) 

The value of y( ) depends on j  through the correlation matrix R, and also on X via M .  

Fortunately, however, it does not depend on the unknown coefficient vector b or the error 

variance g0.  Figure 3 illustrates this value as a function of j, for the special case of a 

trend line regression with n = 100.  A 45 degree line representing the true value of j is 

also plotted.    
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Figure 3 

 

 It may be seen that r1 already has a small downward bias (in the Moment Ratio 

sense) when j  = 0, and that this downward bias increases as j increases to 1. The bias 

may also be computed for j < 0, but was found to vanish as j ® -1.  Hence, only the 

more commonly encountered case j ² 0 is illustrated.  

 

This bias in r1 as an estimator of j may be eliminated, simply by numerically 

evaluating the inverse of the function );ɣ(Xj , with respect to its first argument, at the 

empirical r1, when possible.  If r1 exceeds );1ɣ(X  (0.91 in th example), we instead use 

the point of nearest approach, namely j = 1.  Formally, 

  
( ]

);ɣ(minargĔ
1

1,1

Xjj
j

-=
-Í

rMR .      (16)  

This inverse function and its extension is illustrated in Figure 4 below. 
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Figure 4  

 

 Andrews (1993) has noted that a pattern similar to that in Figure 3 emerges when 

the median of the Monte Carlo distribution of the OLS estimator of j is plotted against j. 

Andrews proposes that an Exactly Median Unbiased estimator of j be computed by 

numerically inverting this median function.  In a precursor to the present paper 

(McCulloch 2008), the author implements and extends Andrewsô method to find exactly 

median unbiased estimators of all the coefficients of an AR(p) model for regression 

errors.  However, the Moment Ratio approach of the present paper gives very similar 

results, without the tedious and noisy Monte Carlo simulation at each step of the 

numerical search.   

 

Once MRjĔ  has been found, the correlation matrix R may be estimated by  

  ( )||)Ĕ(Ĕ jiMRMR -=jR .        (17) 

 

A natural estimator of g0, that would be unbiased by (7) if computed with the true 

value of j, is  

  )Ĕ(tr/ 00 MRM
MRs .         (18)  

However, this does not lead to a consistent estimate of the variance of the innovations in 

the limit as j approaches unity, as discussed in section 5.  This problem can nevertheless 

be avoided by instead basing the estimator of g0 on the innovations:   

  niu iii 2,2,1 =-= -jee   
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or   

  ŮDu j=  

where the (n-1)×n quasi-differencing operator Dj = (dij) is defined by di,i+1 = 1, di,i = -j, 

and di,j = 0 otherwise.  The consistently estimated innovations are then  

  MŮDeDu jj ==Ĕ  

so that  

  jjjj s DMGMDDMũMDuu ¡=¡=¡ 2ĔĔE ,     (19) 

where ( ) RũG 0

2

|| / gg ji === - s  is the covariance matrix of the errors, normalized to 

unit variance for the innovations.  In the AR(1) case, ( )20 1/1 j-=g .  Then  

  ( )jjs DMGMDuu ¡=¡ 0

2 trĔĔE ,  

so that  

  ( )jjs DMGMDuu ¡¡= 0

2 /trĔĔĔĔ
MR  

would be an unbiased and consistent estimator of the innovation variance if  j were 

known.  When j is estimated consistently by MRjĔ , 

( )MRMR

MR

MR jj
s

ĔĔ0

2 Ĕ/trĔĔĔ DMGMDuu ¡¡=      (20) 

becomes a consistent and at least approximately unbiased estimator.  The Moment Ratio 

estimator of the covariance matrix C of OLS
ɓĔ  as given in (2) is then  

  112 )'(Ĕ')'(ĔĔ --= XXXGXXXC
MR

MR

MR s .      (21) 

If desired, the variance of the AR(1) errors may then be estimated by  

  ( )22

0 )Ĕ(1/ĔĔ MR

u

MR jsg -=       (22) 

 

4.  The Newey-West HAC covariance matrix 

 

 The truncated-kernel Heteroskedasticity and Autocorrelation Consistent (HAC) 

covariance matrix, introduced by Newey and West (1987), is now widely used by 

economists to ñcorrectò the standard errors of OLS time series coefficients for serial 

correlation.  Greene (2003: 201) reports that its use is now ñstandard in the econometrics 

literature.ò  Hayashi (2000: 409-12)  mentions only it, the similar Quadratic Spectral 

HAC of Andrews and Monahan (1992), and the Vector Autoregression HAC (VAR-

HAC) method of den Haan and Levin (1996) as appropriate methods for correcting OLS 

standard errors for serial correlation.  Stock and Watson (2007) present HAC as the only 

method worthy of consideration.   

 

 In the OLS case considered here, the Newey-West HAC estimator of C simplifies 

to  

  11 )'(')'(Ĕ --= XXFXXXXC
HAC ,      (23) 

where  

  ( )|)K(| jiee ji -=F        (24) 

and  

  )0),1/()1max(()K( +-+= mlml      (25) 



 12 

is the truncated Bartlett Kernel function for some bandwidth m.  (Greene 2003: 200)  

Most econometric packages provide ñautomatic bandwidth selectionò for HAC, using a 

formula such as the following: 

  ê ú9/2)100/(4 nm= ,       (26) 

which just yields m = 4 (corresponding to 4 non-zero autocorrelation terms used) for n = 

100.
6
 

 

 In the benchmark case of homoskedasticity primarily considered in the present 

paper, the expectation of the HAC estimator is  

  11 )'(')'(ĔE --= XXXHXXXC
HACHAC ,     (27) 

where  

  ( ) ( ) MũMHH ==-= jiji

HAC hjih ,,   and,|)K(| . 

HAC thus effectively employs only the first m sample autocovariances, and replaces the 

others with zeros.  At the same time it down-weights the autocovariances it does not 

discard by the factor (m+1ïl)/(m+1).  It also uses the regression residuals as if they were 

the errors themselves.  For all three of these reasons, it tends in finite samples to 

underestimate the standard error for a regressor which is itself serially correlated.  

However, the amount by which it does this depends on both the rj and the degree of 

serial correlation of the regressors themselves.   

 

 Aside from its heteoskedasticity adjustment, the NW HAC estimator in effect 

therefore replaces the already twice-downward-biased OLS

jgĔ  with )K(Ĕ jOLS

jg , as depicted 

by the cyan line in Figure 1 above.  Although NW provides some improvement over the 

OLS standard errors, the already seriously deficient AR(1) standard errors are far 

superior. 

 

 As the sample size n rises without bound, the bandwidth determined by (26) also 

rises without bound, so that eventually every lag is included and K(l) becomes arbitrarily 

close to unity for each l.  Furthermore, as long as n
1/2

/m also rises to infinity, each 

autocorrelation is consistently estimated (Newey/West 1994: 633).  However, in order to 

increase m by a factor of 10, so as to incorporate 40 lags rather than just 4 as with n = 

100, n would have to increase to approximately 3,200,000   If 100 observations are all 

that is available, this consistency provides only little comfort.  

 

5.  The Unit Root Case j = 1 

 

 The unit root case j = 1 poses no insurmountable problems, so long as there is a 

constant term and a trend or trending variable(s) in the original regression (1), and so 

long as estimated innovations are used to estimate the variance of the innovations.  In 

particular, a unit root in the errors does not in itself indicate a ñspurious regressionò in 

which OLS coefficient slope estimates become meaningless.  However, it does require 

                                                 
6
   EViews uses Equation (26), following a suggestion of Newey and West.  Stock and Watson (2007:607) 

suggest ê ú5.075.0 3/1 -= nm , which has very similar effect for n in the range 50 ï 2000, and generally 

identical effect in the range 400 ï 1000.  The notation  êxú indicates the floor function of x.  
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reposing the problem, so as to replace certain undefined mathematical expressions with 

their limiting values.  We assume that ]1,1(-Íj , so that a unit root is the only type of 

nonstationarity that will be encountered.   

 

 As is well known, OLS coefficient estimates are inconsistent when both the 

regressor(s) and the errors contain a unit root with no drift.  See e.g. Choi, Hu and Ogaki 

(2008: 330).  Conditional on the observed regressor(s) and the finite innovation variance, 

the limiting coefficient error is Gaussian with positive variance.  Even so, there may be a 

problem of estimating the innovation variance from even the estimated innovations if the 

residuals themselves are not consistently estimated.   

 

Nevertheless, when the regression includes a constant and a time trend, the slope 

coefficient becomes Õn consistent:  Hayashi (2000: 570) shows that after scaling the 

horizontal axis by n and the vertical axis by Õn, the slope coefficient is Gaussian about its 

true value with a finite variance.  Without the scaling, the slope coefficient is therefore 

Gaussian with standard error proportional to 1/Õn.  Likewise, if the regressor is unit root 

with non-zero drift, the drift will dominate the unit root noise for large n, and so the 

regressor will act as if it were a time trend.  This section is therefore limited to the case in 

which the regressors include either a time trend or a trending variable.   

 

 As j ¬ 1, each element of the unconditional covariance matrix G becomes 

infinite, holding the variance 2

us  of the innovations in (11) constant.  Furthermore, each 

element of the correlation matrix R becomes unity in the limit.  These matrices are 

therefore no longer useful or informative, and the problem must be reposed without them.    

 

 Although a random walk has infinite unconditional variance and covariances, its 

variances and covariances are all finite conditional on its value at any point in time, say t 

= 0.  If the errors Ů are a random walk that arise by accumulating white noise u, we have  

  NuŮ += 0e  

where  

( )( )ji ¢=N          (28) 

is the n ³ n integrator matrix, and the logical indicator ( )ji ¢  takes the value 1 when the 

expression is true and 0 when it is false.  The conditional covariance matrix of the errors, 

taken conditional on e0, is then  

  0

2

00 )|'E( WŮŮũ use == , 

where  

  ( )( )ji,min0 =¡= NNW .   

 

Furthermore, as long as there is a constant term in the regression, the OLS 

residuals will sum to zero regardless of the value of the random walk at t = 0, so that the 

actual value of e0 does not matter for their properties.  Equation (6) then becomes   

  ( ) MMWMũMee'ee' 0

2

00|EE use ===      

so that  
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)(trE 0

2
MWMjujs s= .      (29) 

The limiting value of );ɣ(Xj , as plotted in Figure 2, then becomes    

  )(/tr)(tr);1ɣ( 0001 MWMMWMX = .    (30) 

Due to sampling error, the actual value of r1 could lie above or below this value.  Any 

value of r1 above );1ɣ(X  should simply be identified with 1Ĕ =MRj  as in (16) and Figure 

4. 

 

The innovation variance 2

us  could be estimated without bias, using (29), by  

  )(tr/ 000 MWMs . 

Unfortunately, however, this unbiased estimator, which is the limiting value of (19) taken 

together with (22), is not consistent, even in a trendline regression (see, e.g. Hayashi 

2000:570-71).  Simulations with Gaussian errors indicate that for a model in which only a 

constant term is estimated, its distribution is approximately a scaled c2
 with 2.5 degrees 

of freedom, using either n = 100 or n = 1000.
7
  In a linear trendline model, it is 

approximately scaled c2
 with 5 degrees of freedom, using either n = 100 or n = 1000.  

 

However, using the estimated innovations (which are in fact simply first-

differenced residuals in the unit root case being discussed here), equation (19) becomes 

101

2

0)|E(E DMWMDuuuu ¡=¡=¡ se ,  

whence  

( )1010

2

0 tr)|'E(E DMWMDuuuu ¡==¡ se ,  

so that  

( )1010

2 /tr'Ĕ DMWMDuu ¡=MRs      (31) 

is an unbiased estimator when it is known that there is a unit root.  Furthermore, 

simulations with Gaussian errors indicate that the distribution of this estimator is 

approximately scaled c2
 with n-k degrees of freedom, for both the mean and trend line 

models, and for both n = 100 and 1000.  Although there is no guarantee that it is 

independent of ɓɓ-Ĕ , inference on the coefficients with t or F statistics based on (32) and 

(31) should be at least approximately valid.. 

 

 Having computed 2Ĕ
MRs , we may estimate the covariance of the regression 

coefficients, conditional on the arbitrarily chosen reference point e0, by  

  1

0

12

0 )'(')'(ĔĔ --= XXXWXXXC u

MR s .       (32) 

If a reference point other than e0, say et, is chosen, the conditional covariance of the 

errors becomes  

  ttt WŮŮũ
2)|'E( se == , 

where  

                                                 
7
  Although s0 can be expressed as a linear combination of squared N(0,1) random variables, the weights are 

unequal so that its distribution is not exactly c2
.  Nevertheless, the relation between the distributionôs 

simulated mean and variance is the same as for the c2
 with the indicated degrees of freedom.   
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ë <<>>--
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,
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ji  

Since MW tM  does not depend on the choice of t, exactly the same values of );1ɣ(X  and 
2Ĕ
us  will be obtained.  Furthermore, except for its first row and column,  

  112 )'(')'(ĔĔ --= XXXWXXXC tMR

MR

t s  

does not depend on the choice of t.  The estimated standard error of the constant term b1 

therefore does depend on the reference point defined by the choice of t, while those of the 

slope coefficients b2, ... bk do not.  In particular, the regression F statistic for the joint 

hypothesis b2 = 0, ... bk = 0 is at least approximately valid despite the unit root in the 

errors, and is invariant to the arbitrarily chosen reference point. 

 

 If the one-step-ahead forecast of yn+1 (conditional on the time t = n+1 values of 

the regressors) is of particular interest, the reference point t = n+1 may be a convenient 

choice.  In this case,  

  ( ))1,1min(1 jninn -+-+=+W .  

Another particularly natural reference point, one that does not single out any individual 

point in the sample period, is the mean error  

  n'Ů /Ůɘ= , 

where i = (1, ... 1)ô. Conditioning on this value, we have  

   112 )'(')'(ĔĔ --= XXXWXXXC ee su

MR , 

where  

  ZWZW 0=e  

and 

  nn /'ɘɘIZ -=         (33) 

 

 Since the unconditional variance of the errors is infinite in the unit root case, the 

unconditional variance of OLS

1
Ĕb  is also infinite, as is its unconditional covariance with the 

other coefficients.  In the unit root case, we may therefore write the unconditional 

covariance matrix as  

  MR
CĔ = n

MR

0
ĔC  n, 

where  n is the n³n identity matrix I n, with its (1,1) element replaced by ¤.   

  

6.  Monte Carlo Properties of Moment Ratio Estimator in AR(1) case 

 

 Figure 5 below shows the Moment Ratio Function y(j, X), along with the Monte 

Carlo mean, median, quartiles, and 5th and 95th percentiles of the distribution of r1, as a 

function of the true value of j, again for the trend line model with n = 100, under the 
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additional assumption of Gaussian errors.
8
  The median line is essentially the same as the 

median function inverted by Andrews (1993) to determine his Median Unbiased 

estimator of the autoregressive parameter j.
9
  The Moment Ratio Function is almost 

indistinguishable from the median for values of j near 0, but rises slightly above the 

median as j increases.  Nevertheless, it remains well within the quartiles, and at least 

approximately corrects the median bias of r1 when inverted.  The downward skewness of 

the distribution of r1 for j < 1 pulls the mean of the distribution down below the median 

by a comparable amount.   
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Figure 5 

 

Because the Moment Ratio function lies above the median in Figure 5 for j > 0, 

and both are increasing functions of j, MRjĔ  is necessarily less than the Median Unbiased 

estimator computed by inverting the Monte Carlo median function at r1, and therefore 

                                                 
8
  This simulation was performed with m = 99,999 replications using MATLABôs randn(óstateô) Gaussian 

random number generator, for f in steps of 0.01.  The same seed was used for each value of j  in order to 

make each simulated percentile a smooth function of j.   
9
  Andrews in fact bases his estimator on an OLS regression of yt on yt-1, a constant, and t, rather than on 

the first order autocorrelation of the residuals of a regression of yt on a constant and t.  The two approaches 

are nevertheless very similar.  As demonstrated in McCulloch (2008), the latter approach is easily applied 

to the residuals of a general OLS regression with higher-order autoregressive errors.     
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provides a less conservative adjustment for serial correlation, at least for the trendline 

problem simulated.   

 

Figures 6 to 17 are based on 10,000 Monte Carlo replications of a trendline 

regression with n = 100 equally spaced and demeaned values of the independent variable, 

Gaussian AR(1) errors, and various true values of j ranging from -0.2 to 1.0, inclusive.  

The ñAR(1)ò model is fit to the (weak) sample autocorrelation r1, in conjunction with an 

estimate of g0 that is unbiased conditional on j = r1.  The ñHACò results are based on a 

bandwidth of m = 4, using formula (26).   

 

Figure 6 shows the Monte Carlo median of the squared standard error of the slope 

coefficient, relative to the true variance of the coefficient, so that a value of unity reflects 

the target of zero median bias.  As expected, OLS is right on the mark when the errors are 

uncorrelated, but then deteriorates rapidly as the degree of serial correlation increases.  

With random walk errors, the true variance of the slope coefficient still finite, but is 180 

times larger than the OLS estimate, because OLS takes no account at all of serial 

correlation.   

 
 

Figure 6 

 

NW HAC provides some improvement over OLS for j greater than 

approximately 0.13.  However, it has substantial negative median bias (median/true = 

0.90) when the errors are white noise.  This is because HAC ignores correlations greater 
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than or equal to its bandwidth, because it downweights the correlations it does take into 

account, and because it takes no account of the distinction, important in finite samples, 

between the residuals and the errors.   

 

 The AR(1) model fit directly to r1 is a big improvement over HAC.  In part this is 

due to the fact that the assumed Data Generating Process (DGP) is really AR(1) while 

HAC is nonparametric, so that AR(1) correctly takes into account the behavior of the 

higher-order autocorrelations.  Another factor is that an estimate of g0 that is unbiased 

(conditional on j = r1) and that therefore takes into account the distinction between errors 

and residuals was employed.   

 

 Finally, the AR(1) Moment Ratio estimator MR(1) is clearly the leader of the 

pack by this metric, except for OLS when j is very near 0  Because of the upper bound 

imposed on MRjĔ , it is inevitably somewhat biased downwards as j approaches and 

reaches 1.   

 

 Figure 7 is similar to Figure 6, except that it gives the Monte Carlo means of the 

squared standard errors, relative to the true variance of the slope coefficient, rather than 

the medians.  OLS, HAC and AR(1) all have mean biases qualitatively similar to the 

median biases shown in Figure 6.  However, MR(1) now has a positive mean bias for all 

but the highest values of j.  For j < 0.6, this bias is quite small, but for larger values it 

grows quickly, reaching a peak of +95% at j = 0.95 (corresponding to a RMS of +40% 

for the standard error itself).  This mean bias is due to the fact that the squared standard 

error is a highly convex function of j, especially as j  = 1 is approached, so that 

overestimates of j have a much bigger impact on the mean than do underestimates.  The 

medians in Figure 6 are less affected by this factor, resulting in negative median bias 

throughout.  For j > 0.95, the upper bound 1Ĕ ¢MRj  becomes binding more frequently, 

with the result that under-estimates start to dominate, and the bias turns negative after 

0.98.  At j = 1, the mean variance bias is -49% , corresponding to -30% in terms of the 

RMS standard error.   
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Figure 7 

 

 An anonymous NSF referee has made the very helpful suggestion on an earlier 

version of this paper that the ultimately relevant criterion is not the mean or median bias 

of the corrected standard errors, but rather their ability to construct confidence intervals 

with correct coverage.  Figures 8 and 9 below shows the simulated coverage of a 95% 

confidence interval for the slope in the same trendline regression with n = 100 and 

Gaussian innovations.  10,000 replications were again used, so that the sampling standard 

error of the coverage of a 95% confidence interval is 0.22%.  The trend regressor was 

normalized to have mean zero, so that the intercept takes on the value of the regression 

line at its center.  The intercept and slope coefficients were, without loss of generality, 

both set to 0 for this simulation.  Figure 8 is shows the large-scale behavior as j ¬ 1, 

while Figure 9 is a detail of the same curves, allowing comparisons for j near 0.  In both 

figures, the horizontal black line at 95% is the target representing perfect coverage.   
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Figure 8 
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Figure 9 

 

Despite its upward mean bias for the slope variance, the MR(1) size distortion is 

always negative and becomes more negative throughout the range [-.2, 1].  Although it 

does not have perfect coverage, the MR(1) estimator always has better performance than 

HAC or AR(1), and almost always dominates OLS, by this metric. 

 

The pattern for the estimated intercept is qualitatively similar to that shown for 

the estimated slope in Figures 6 ï 9, and hence is not shown here.  However, since the 

autocorrelation of the errors interacts with the autocorrelation of the regressor(s), and a 

constant termôs unit regressor is even more serially correlated than a trendline regressor, 

the biases and size distortions are slightly worse for the intercept than those depicted for 

the trend slope.  A less serially correlated regressor would have less bias and size 

distortion.      

 

7.  AR(1) Unit Root Test 

 

 The Monte Carlo distribution of r1 for j = 1, illustrated at the right edge of Figure 

5 above, provides a simple test for a unit root, under the assumption of Gaussian errors, 

that is exact to within Monte Carlo sampling error:  If r1 is less than say the 5th percentile 

of this distribution (0.7777 for the illustrated trend line regression with n = 100), a unit 

root can be rejected with a 5% one-tailed test size.  The only practical way to perform this 

test is with a Monte Carlo simulation comparable to that required for Andrewsô (1993) 
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Median Unbiased estimator, but since the test is optional, and even then the simulation 

only needs to be performed under the null j = 1, it is not nearly as computationally 

demanding as the Median Unbiased estimator.   

 

It has become common in applied time series econometrics to ñerr on the side of 

caution,ò by imposing a unit root whenever a unit root cannot be rejected.  The blue 

(upper) line in Figure 10 shows the simulated RMS standard error for the trend slope 

when this is done, i.e. when j = 1 is imposed whenever r1 is greater than 0.7777, its 5% 

critical value for this regressor matrix and sample size.  For comparison, the green 

(central) line in Figure 10 shows the Monte Carlo RMS of the Moment Ratio standard 

error for the OLS trend slope coefficient, relative to the coefficientôs true standard 

deviation represented by the red (bottom) line, for comparison to Figure 4 above.  This 

line is the same as the ñMR1ò as in Figure 7, except now it is terms of the RMS standard 

deviation, rather than the mean of the estimatorôs estimated variance.  

 

Although the indicated strategy completely eliminates the small downward bias in 

the Moment Ratio standard error for j > .979, it greatly aggravates its moderate upward 

bias for most other values of j above approximately 0.6.  Such a strategy therefore 

should only be used with caution, and will be explored in more detail in the MR(p) case 

considered below. 
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8. Higher Order Autoregressive/Unit Root Models and Consistent Covariance 

Estimation 
 

 Although an AR(1) model is often a good first approximation to the 

autocovariation function of econometric time series regression errors, this model is 

unnecessarily restrictive.  The true model may not even be a finite order autoregressive 

process.  However, a finite order AR(p) model  

  ä
=

- +=
p

j

tjtjt u
1

eje        (34) 

can approximate most covariance-stationary Gaussian processes to any desired precision, 

given a sufficiently high value of p.
10

  

 

 As in the AR(1) model, the unit root case is not an insurmountable obstacle.  

However, it does require separate treatment.  Following Anderson and Chen (1993), it is 

useful to rewrite (34) in the equivalent Augmented Dickey-Fuller (ADF) form  

  ( )ä
-

=

---- +-+=
1

1

11

p

j

tjtjtjtt ueeqaee , 

where  
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1
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.1,,1,

,

2jq

ja

     (35) 

We will call the parameter a the first order persistence of the process.  A necessary 

condition for stationarity is 1¢a .  Although 1<a  is not a sufficient condition for 

stationarity, the unit root case 1=a  is the most common form of nonstationarity for the 

errors in econometric time series regressions.  Hence, we will assume that 1=a  is the 

only type of nonstationarity that may be present, and that when such a unit root is present, 

the qj define a stationary process for the first differences.   In other words, we assume that 

the process is either stationary or integrated of order 1.  More formally, we assume that 

the vector ( )¡= pjj ,,1 2ű  of AR(p) coefficients is an element of the set F for which 

either all the reciprocal roots of the characteristic polynomial are inside the unit circle, or 

for which only one root is on the unit circle, that root being 1 and the other reciprocal 

roots lying inside the unit circle.  

 

 If an AR(p) process is covariance stationary, the Yule-Walker equations  

                                                 
10

  One notable exception is a non-invertible MA process.  However, such a process would be only rarely 

encountered in practice, except as an inappropriately first differenced white noise.  Long memory 

fractionally integrated processes may require much higher values of p than will short-memory processes, 

and may require special consideration.   
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may be solved for the first p+1 autocovariances g0, ..., gp in terms of the AR(p) 

coefficients jj and the innovation variance s2
.  The remaining autocovariances may then 

filled in recursively with  

   ä
=

- -+==
p

k

kjkj npj
1

1,,1, 2gjg . 

Conversely, the AR(p) coefficients may be found in terms of the first p+1 

autocovariances by means of   
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The ordinary Method of Moments (MM) estimator of the AR coefficients directly 

replaces the error autocovariance moments gj in (36) with their (weak) empirical 

counterparts sj/n as computed from the regression residuals: 
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Although this simple estimator is consistent, it takes no account of the distinction 

between the errors and residuals and so is biased in finite samples, particularly as the 

process becomes more persistent and approaches a unit root.
11

 

 

 Generalizing (15), we define the Moment Ratio Function of Order p to be the 

matrix ñratioò of the population moments corresponding to the sample moments used to 

compute MM
űĔ :   
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11

  The MM estimator defined in (37) is virtually equivalent to the results of an OLS regression of the 

residuals on their own p lags, with the exceptions that it treats the first and last few residuals symmetrically, 

and uses weak rather than strong autocorrelations.     
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The scaled autocovariance matrix G = G/s2
 depends on the true autoregressive 

coefficients j but not on s2
.  This Moment Ratio Function depends on the autoregressive 

coefficients through G as well as the regressor matrix X through M , but fortunately the 

unknown innovation variance drops out.  If the stationarity restriction 1<a  were never 

binding, we could define the Moment Ratio Estimator MR
űĔ  simply by setting 

( ) MMMR
űXűɣ Ĕ;Ĕ =  and solving this system of p nonlinear equations in p unknowns.   

 

 In the unit root case 1=a , the Yule-Walker equations readily determine the 

normalized covariance matrix H of the error first differences in terms of the qj,  

  ( ) 2

211 /,Cov seeee --- --= ttttH ,  

since we have assumed that at least the first differences are covariance stationary.  

Conditional on say e0, the errors themselves then have finite covariance matrix,  

  NHN'Ů
2

0)|Cov( se = , 

where N is the integrator matrix (28).  Since the regression is assumed to include an 

intercept, the residuals sum to 0 regardless of e0, and so have finite conditional as well as 

unconditional covariance, determined by 

  ( ) () MMNHN'ee
2

0 Cov|Cov se == .  

In the case a = 1, we therefore define the Moment Ratio Function by  
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 Generalizing (16) to the AR(p) case, we may now define the Moment Ratio 

Estimator MR
űĔ  in terms of the point of nearest approach of the Method of Moments 

Estimator MM
űĔ  to its Moment Ratio Function: 

( )Xűɣűű
ű

,ĔminargĔ -=
FÍ

MMMR .     (40) 

This problem was solved numerically for this paper with generally satisfactory results 

using a constrained Nelder-Mead polytope algorithm, subject to the explicit constraint a 

Ò 1 and assigning a very high value to the objective function whenever other non-

stationary roots were encountered.
12

   

 

 The innovations of an AR(p) process may be computed from the errors by  

  ŮDu ű=  

where the (n-p)×n innovation-generating operator Dj = (dij) is defined by di,i+p = 1, di,i+ p-h 

= -jh and di,j = 0 otherwise.  The innovations estimated from the residuals are then  

                                                 
12

  An earlier version of this paper instead attempted to the first p sample autocorrelations directly to 

individual moment ratio functions.  However, this calculation turned out to be very ill-conditioned in the 

vicinity of a unit root.  Transforming the AR coefficients to the ADF persistence form before taking the 

norm in (40) will give the same answer if the unit root restriction is not binding, but a somewhat different 

answer when it is binding.  This alternative may be worth exploring in future work.   
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  MŮDeDu űű ==Ĕ        (41) 

so that in the stationary case a < 1, 

  űűűű DMGMDDMũMDuu ¡=¡=¡ 2ĔĔE s ,      

  ( )
űű DMGMDuu ¡=¡ 0

2 trĔĔE s ,  

whence  

  ( )
űű DMGMDuu ¡¡= 0

2 tr/ĔĔĔĔ
MRs  

would be an unbiased and consistent estimator of the innovation variance, if  the true 

value of j were known.  When j is estimated consistently by MR
űĔ , 

( )MR
űű

DMGMDuu
ĔĔ0

2 Ĕ/trĔĔĔ ¡¡= MR

MR MRs  

becomes a consistent and at least approximately unbiased estimator.
13

  The Moment 

Ratio estimator of the covariance matrix C of OLS
ɓĔ  as given in (2) is then  

  112 )'(Ĕ')'(ĔĔ --= XXXGXXXC
MR

MR

MR s .    

 

 When a unit root is present, the estimated innovations instead have finite 

covariance  

  () jjs DMMNHN'Du ¡= 2ĔCov  

whence  

  ( )jjs DMMNHN'Du'u ¡= 0

2 /trĔĔĔĔ
MR  

is an unbiased and consistent estimate of the innovation variance when the autoregressive 

order and parameters are known and have unitary first order persistence.  When the 

autoregressive parameters are consistently estimated and the estimate happens to have a 

unit root,  

  ( )MRMR

MR

MR jj
s

ĔĔ0

2 Ĕ/trĔĔĔ DMN'HMNDu'u ¡=   

is a consistent and approximately unbiased estimator of the innovation variance.  The 

Moment Ratio estimator of the covariance matrix C of OLS
ɓĔ  as given in (2) is then  

  112 )'(Ĕ')'(ĔĔ --= XXXMN'HNMXXXC
MR

MR

MR s .    

 

 The autocovariation function and therefore the coefficient covariance matrix may 

now be estimated consistently for almost any covariance stationary or unit root error 

process by setting the autoregressive order p equal to  

  ê ú9/2)100/(4 np= ,  

the maximum lag considered by the formula (26) commonly used for the Newey-West 

HAC estimator.  As n increases, p as well as n
1/2

/p increase without bound, so that 

eventually every autocorrelation is utilized, and estimated consistently.  For sample size 

100, this formula gives p = 4.   

 

9. Monte Carlo Performance of the MR(p) Estimator 

                                                 
13

  In order to treat the first and last residuals symmetrically, the residuals were in fact computed both 

forward and backward in time, and the resulting sums of squares averaged, in both the stationary and unit 

root case.   
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 Figures 11 and 12 show the Monte Carlo median and mean of the estimated slope 

variances using the OLS, HAC (m=4), AR(p=4) estimated by MM, and MR(p=4) 

covariance matrices.  Throughout the true DGP is AR(1) with the true value of 

11 rjj ==  indicated on the horizontal axis, using Gaussian errors and 10,000 

replications.   

 

Despite the nuisance parameters that have been added for consistency in case the 

process is not AR(1), the shapes are qualitatively similar to those in Figures 6 and 7 

where the true AR(1) structure is imposed.  In terms of median bias, MR(p) clearly 

dominates AR(p), which in turn clearly dominates HAC.  HAC does dominate OLS 

unless j < 0.13.  As in the AR(1) case, MR(p) does have a positive mean bias, which 

peaks at j = 0.95 but then reverses above j = 0.98. 

 

 
 

Figure 11 
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Figure 12  

 

 Figures 13 and 14 give the 95% confidence interval coverages using the 

consistent MR(p) estimator of the slope standard error, versus OLS, HAC and AR(p) as 

in Figures 11 and 12.  Despite the pronounced positive mean bias of the MR(p) estimator, 

its coverage is under 95%.  Nevertheless, MR(p) dominates all the competitors in terms 

of coverage bias, except of course for OLS when j is very close to 0.   
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Figure 13 
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Figure 14 

 

The additional line ñKVBò in Figures 13 and 14 is based on the covariance 

estimator of Kiefer, Vogelsang and Bunzel (KVB 2000), as modified by Kiefer and 

Vogelsang (2002):   
11 )'(')'(Ĕ --= XXXXXXC BcKVB ,  

where  

  ( )njineeB ji /|)|( --=  

and c is an asymptotic correction for bias.   The computations of Abadir and Paruolo 

(1996, 2002) demonstrate that in terms of the above 2002 version of the statistic (which 

differs by a factor of 2 from that in the 2000 paper), c = 5.588756592.  While KVB has 

the advantage that it makes no use of parametric models of the form of the serial 

correlation, it is inconsistent in that the limiting covariance estimate is merely an 

unbiased random variable, rather than a limit in probability.   

 

 It may be seen that the KVB estimator is superior to AR(p) in terms of 95% CI 

coverage in the simulated examples for values of j greater than approximately 0.65, but 

that even in this range it is dominated by MR(p).  KVB is dominated even by HAC for j 

less than approximately 0.25. 

 

In order to closely compare the parametric MR(1) coverages with those of the 

consistent MR(p) estimates, Figures 13 - 16 contain both sets of curves, along with 
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AR(1), AR(p) and OLS.  As expected, MR(p) and AR(p) are somewhat outperformed by 

MR(1) and AR(1), respectively, because they are not restricted to the true (but in practice 

unknown) AR(1) DGP.  Presumably they also have a similar reduction in power, 

although the present paper does not attempt to evaluate power.   

 

 
 

Figure 15 
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Figure 16 

 

   In order to make a fairer comparison of the NW approach to the other covariance 

estimators by abstracting from its heteroskedasticity adjustment, we define the ñNW ACò 

(for Autocorrelation Corrected) estimator simply by replacing the eiej in (24) with their 

average value ( )jins
ji

--
-

/ .  In other words,  

  11 )'(Ĕ')'(Ĕ --= XXXHXXXC
ACAC      (42) 

where  

  ( ))/(|)K(|Ĕ jinsji
ji

AC ---=
-

H . 

(Compare equation (27).)  Coverages based on this covariance matrix are identified as 

ñNWACò in Figures 15 - 16.  As expected, NW HAC with its here-unnecessary 

heteroskedasticity adjustment is somewhat outperformed by NW AC.  Nevertheless, 

MR(p) clearly outperforms AR(p), which in turn outperforms NW AC.   

 

 Although the present paper focusses on the primary problem of serial correlation 

under homoskedasticity, a natural White (1980)/NW-type adjustment for regressor-

conditional heteroskedasticity would be, in the case of stationarity, simply to replace  

K(|i ï j|) in (24) with ( )( )jins
ji

MR --
-

//Ĕg .  In other words,  

  11 )'(')'(Ĕ --= XXXFXXXC
MRHACMRHAC ,       

where  
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  ( )( )
ji

MR

ji

MRHAC sjinee
-

--= /ĔgF .        

It is not obvious to me at present how to treat the unit root case, however.   

 

 Figure 17 shows the MR-HAC coverage for the slope coefficient in our trendline 

regression example, versus MR(p), NW-HAC, and OLS.  For true values of j greater 

than 0.6, unit root point estimates were occasionally obtained, so that MR-HAC could not 

be computed for all 10,000 replications.  Consequently, the MR-HAC line is only plotted 

up to j = 0.6.  As expected, MR-HAC, with its unnecessary heteroskedasticity 

adjustment, is outperformed by MR(p).  Although it outperforms NW-HAC for j > 0.25, 

NW-HAC actually dominates MR-HAC below this value.  

   

 
Figure 17 

 

 Although the MR(p) estimator greatly improves the coverage of 95% confidence 

intervals based on the standard Student t critical values with n-k degrees of freedom, 

estimation of the AR(p) parameters introduces an element of uncertainty that is not taken 

into account by this distribution, so that the true distribution is in fact even more 

leptokurtic.  Many authors have suggested using a critical value based on the reduced 

ñeffective degrees of freedomò implied by the increased standards errors so as to also 
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increase the Student t critical value.
14

  Such an adjustment may be useful in conjunction 

with the MR(p) estimator, though the present papers makes no attempt to do this.   

 

10.  The MR(p) Unit Root Test 

 

 The MR(1) unit root test discussed in Section 7 above may easily be extended to 

the MR(p) case as follows:  First, estimate MM
űĔ  via (37).  The sum of these coefficients 

is MMaĔ .  Then, compute Moment Ratio estimates of the autoregressive coefficients using 

(40), but with the restriction that their sum URaĔ  be unity.  Convert the resulting restricted 

standard coefficients UR
űĔ  to ADF form ( URaĔ , UR

ɗĔ ) using (35).  Generate the desired 

number of random samples with covariance determined by UR
ɗĔ .  Integrate these to obtain 

unit root regression errors, and re-estimate the equation with the constructed unit root 

errors.  With synthetic data set i, re-estimate MM

iűĔ  and thence MM

iaĔ via (35).  The 

probability of obtaining a persistence as low as MMaĔ  under the null of a unit root (and 

with UR
ɗɗ Ĕ= ) is the estimated as the proportion p

UR
 of the MM

iaĔ  that are less than MMaĔ .  

Since the simulations to not require solving (40) on each replication, 10,000 replications 

take less than 1.2 seconds in Matlab on an ordinary laptop.   

 

 In the MR(1) case of Section 7, the unit root test size is correct by construction, to 

within Monte Carlo sampling error.  In the MR(p) case, however, the test depends on 

using UR
ɗĔ  as a proxy for ɗ, and therefore may have some size distortion.  This was 

determined by constructing 10,000 trendline regressions with random walk errors and 

conducting the unit root test described above with 10,000 replications each.   

 

Figure 18 plots the actual size versus the nominal size.  The size distortion is 

generally moderate, though there is some positive distortion in the range 0 ï 0.18.  Table 

1 tabulates selected values.  For example,  if the nominal size is 5%, the test in fact 

falsely rejects a unit root 6.0% of the time  In order to obtain a true type I error of 5%, a 

nominal size of 4.1% would have to be used.  At a 5% test size, the Monte Carlo 

sampling standard error is approximately 0.2% on both p
UR

 and the estimated actual size.   

 

 

 

 

 

 

 

 

 

                                                 
14

  Bartlett (1935) and Quenouille (1952) introduced the term ñeffective degrees of freedomò, but they were 

only explicit about using it to increase the standard errors from their OLS values.  The simple asymptotic 

adjustment they proposed is still widely used in climate science, and turns out to be remarkably close to the 

exact AR(1) and MR(1) adjustments in the presence of moderate AR(1) serial correlation on the order of j 

= 0.3, as shown by McCulloch (2009).   



 35 

 

  
Figure 18 

 

 

       Table 1 

Nominal versus Actual Unit Root Test Size 

Nominal Actual s.e. 

.200 .201 .004 

.100 .104 .003 

.050 .060 .002 

.010 .015 .001 

.198 .200 .004 

.089 .100 .003 

.041 .050 .002 

.006 .010 .001 

 

 

 Figure 19 shows the coverage of a 95% confidence interval for the slope 

coefficient in our illustrative trendline regression, at the top when a unit root is imposed 

(in blue) and at the bottom when the MR(p) standard errors are always used (in dark 

yellow), as a function of the true AR(1) parameter j of the error DGP, along with a 

horizontal black line indicating the 95% ideal value.  Always imposing a unit root leads 
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to a ñ95% CIò that includes the true value in 10,000 cases out of 10,000, unless j is .95 

or higher, and therefore is ordinarily far too conservative a strategy.    

 
Figure 19 

 

 The intermediate lines in Figure 19 show the coverage when imposing a unit root 

is made conditional on the unit root test result p
UR

 (ignoring the small size distortion).  If 

a unit root is imposed whenever it cannot be rejected at the 1% level (green line), there is 

good improvement in coverage between j = 0.5 and 0.8.  However, for higher values of 

j this is far too conservative, with a coverage of 99.4% at j = 0.95.  If it is imposed 

whenever it cannot be rejected at the 20% or 30% level (cyan and magenta lines), there is 

some improvement but the distortion is never fully corrected.  But if the unit root is 

imposed whenever it cannot be rejected at the 5% level (red line), there is sometimes 

undercorrection and sometimes overcorrection, with a good balance between the two:  

The actual coverage never falls below 91.9% (at j = 0.7) and never rises above 96.1% (at 

j = 0.95).    

 

 Although these results are specific to the case considered of the 95% confidence 

interval for the slope coefficient of a trendline regression with an AR(1) error DGP and 

sample size n = 100, they tentatively suggest that a rule of imposing a unit root whenever 

it cannot be rejected at the 5% level with p
UR

 provides a good balance of under- and over-

correction.  However, this rule does have the unattractive feature of suddenly switching 

formulas, with dramatic effects on the results.  Future research will consider the strategy 
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of instead continuously blending the MR(p) and Unit Root covariances matrices with the 

following convex combination of the two:  

  ( ) URURMRURp CpCpC
UR

+-=1 . 

 

11.  Demand for Net Base Money 

 

 The enormous increase in the quantity of Monetary Base supplied by the Federal 

Reserve System between 2008 and 2011 makes it important to understand the demand for 

Base Money.  However, this explosion was accompanied by the payment of interest by 

the Fed on bank reserve deposits, authorized for the first time by the TARP Act of 

October 2008.  Prior to that date, banks held only a minuscule inventory of excess 

reserves, because they effectively cost them foregone interest at the Federal Funds rate.  

Since then, however, the Fed pays them a small premium over the Fed Funds rate on 

excess reserves, so that excess reserves no longer have an opportunity cost, and therefore 

no inflationary wealth effect (Johnson 1969).
15

   

 

This means that the Fed, in addition to acting as a traditional central bank that 

creates potentially inflationary currency and required reserves, is also acting as a 

financial intermediary that borrows money at competitive interest rates from banks, and 

then invests these funds in a portfolio of loan assets, now primarily mortgage-backed 

securities, Fannie Mae and Freddie Mac bonds, and US Treasury bonds and bills.  

Although this position exposes the Fed to both default risk and to interest-rate risk that 

may have future inflationary implications, for the moment the Fed is perhaps best viewed 

as operating a gigantic traditional Savings and Loan Association in addition to acting as a 

traditional central bank.
16

   

 

 Figure 20 shows the full monetary base, along with what we call the Net Base, i.e. 

the full base minus interest bearing excess reserves since October 2008.  The third line 

shows currency in circulation.  Since required reserves are only a small portion of Net 

Base and excess reserves were minuscule prior to September 2008, Net Base behaves 

very much like currency.   

 

  

                                                 
15

  In fact, the Fed now pays banks interest on both required and excess reserves.  However, required 

reserves are at present only a tiny portion of the net base, so their treatment does not affect our results 

significantly.   
16

  Since many of these assets are probably worth far less than their book value on the Fedôs balance sheet, 

the Fed is in effect operating a huge off-budget TARP program in addition to these two roles. 
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Figure 20 

 

 It is assumed that observed log real Net Base balances log mt equal desired real 

Net Base balances plus an error et that may be serially correlated.  Desired real Net Base 

balances are assumed to depend on real income yt and short-term nominal interest rates 

Rt, with a constant real income elasticity a, and a constant interest semielasticity b:   

  log mt = c + a log yt + b Rt + et.       (43) 

Inventory models of money demand predict that a lies in the range (1/3, 1), and that b is 

negative.  The regressors are assumed for the purposes of the present study to be 

exogenous and thus independent of the errors, though it may be appropriate to revisit this 

assumption in future work, as emphasized by Cooley and LeRoy (1981).   

 

 For this equation, the nominal base is the seasonally adjusted Board of Governors 

Monetary Base, adjusted for changes in reserve requirements.
17

  This is reduced by 

Excess Reserves after October 2008
18

 and deflated by the seasonally adjusted chain-type 

GDP Deflator.
19

  Real income is seasonally adjusted real GDP.
20

  The nominal interest 

                                                 
17

  St Louis Fed FRED data base monthly series BOGAMGSL aggregated to quarterly averages. 
18

  FRED series EXCRESNS, aggregated to quarterly averages.  This series is not seasonally adjusted, but 

there has been little experience with its seasonality since its enormous growth beginning in 2008.  Excess 

reserves already surged in Sept. 2008, but this is counted as Net Base since the permanent authorization for 

interest payments did not come until Oct. 3, 2008 with the signing of the TARP bill.  The illustrated 

Currency series is Fred series CURRSL.  
19

  FRED series GDPCTPI. 
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rate is the 3-month Treasury bill rate, in percent per annum.
21

  All series are available 

from 1959Q1 through 2011Q1, for n = 209 quarterly observations.   

 

All variables are taken as deviations from their terminal (2011Q1) values, so that 

the the intercept will indicate the estimated excess demand for Real Net Base balances at 

the end of the regression period, or equivalently, its negative will indicate the terminal 

excess supply of Real Net Base.  Figure 21 shows actual log Real Net Base, along with 

the fitted log demand for Real Net Base.  Table 2 gives the OLS regression coefficients.   

 

 

 
Figure 21 

Log Real Monetary Base, net of interest-bearing excess reserves, and estimated log 

demand for real Net Base.  All variables normalized to 0 in last quarter. 

 

 

 

 

 

 

 

                                                                                                                                                 
20

  FRED series GDPC96.   
21

  Secondary market, FRED monthly series TB3MS, not seasonally adjusted, aggregated to quarterly 

averages.  
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Table 2 

log mt = c + a log yt + b Rt + et 
mt = real Net Monetary Base 

yt = real GDP 

Rt = 3-month Treasury bill interest rate 

All v ariables normalized to 0 in final quarter 

1959Q1 ï 2011Q1 (n = 209) 

DW = 0.154 (p = 9. 4³10
-92

) 

 

 

coef. 

 

OLS est. 

Standard errors 

(t-statistics) 

OLS HAC(4) AR(4) MR(4) 

c -0.0632 0.0120 

(-5.26) 

0.0209 

(-3.03) 

0.0375 

(-1.69) 

0.0517 

(-1.22) 

a  0.8598 0.0111 

(77.30) 

0.0215 

(39.93) 

0.0361 

(23.82) 

0.0503 

(17.08) 

b -0.0391 0.0018 

(-21.37) 

0.0040 

(-9.78) 

0.0051 

(-7.40) 

0.0071 

(-5.54) 

 

 The coefficients a and b have the predicted signs, and appear from the OLS 

standard errors to be highly significant, with |t| > 21 in both cases.  However, the Durbin 

Watson statistic of 0.154 soundly rejects the assumption behind the OLS standard errors 

of zero serial correlation, with p = 9.4³10
-92

.
22

   

 

 The popular Newey-West HAC standard errors shown in the next column of 

Table 2 are 74 to 122% greater than the OLS standard errors, when a bandwidth of m = 4 

is employed, as determined by (26).  Although these standard errors are consistent, in 

finite samples they are triply biased downwards, as noted in Section 4 above, and hence 

still give pronounced size distortion, as demonstrated in the simulations above.   

 

 Table 3 below shows the autocorrelation coefficients r j of the residuals for the 

lags 1 through p = 4.  These 4 lags embody the autocorrelation information that is used 

by the HAC estimator when its bandwidth m is 4.  The next column give MM

jjĔ , the 

Method of Moments autoregressive parameter estimates derived from the Yule Walker 

equations, when the observed residual autocorrelations are directly used as proxies for the 

unobserved error autocorrelations.  These exhibit substantial deviation from AR(1) 

behavior, but the total persistence a = 0.895 is not much different than the value of r1 = 

0.913 that is obtained with p = 1.  The standard errors in Table 2 identified as AR(4) were 

obtained with these parameter estimates. These standard errors are another 28 to 79% 

larger than the HAC standard errors, depending on the coefficient, but are still biased 

downwards because the residual autocorrelations generally show less persistence than the 

true autoregressive process.   

 

Table 3 

                                                 
22

  Obtained using Matlab function dwtest.  
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Residual autocorrelations and Method of Moments versus Moment Ratio  

autoregressive coefficient estimates. 

 

lag j r i 
MM

jjĔ  MR

jjĔ  UR

jjĔ  

1 0.913  1.117  1.159  1.189 

2 0.808 -0.393 -0.433 -0.452 

3 0.735  0.405  0.453  0.528 

4 0.639 -0.235 -0.251 -0.265 

a   0.895  0.927  1.000 

 

 The third column in Table 3 give the Moment Ratio autoregressive coefficients 
MR

jjĔ , found by (40).  Because a unit root is not present in the estimated coefficients 

( 1927.0Ĕ <=MRa ), the match is in fact exact, to within numerical accuracy.  As expected, 

there is more total first order persistence than with the Method of Moments estimates, 

with the result that the Moment Ratio standard errors in the last column of Table 2 are 

another 38 to 39% greater than the Method of Moments AR(4) standard errors.    

 Despite the great increase in standard errors when the Moment Ratio covariance 

matrix is used, the real income elasticity a remains highly significant.  Scale economies 

are weak but present (a = 0.860 < 1), and remain significantly different from unity even 

with the Moment Ratio standard errors (t = 2.78).  The interest semi-elasticity b is not as 

strong as the income elasticity, but remains highly significant even with the Moment 

Ratio standard errors (t = - 5.54).   

 Because all variables were taken as deviations from their terminal 2011Q1 values, 

the intercept c tells us the log of the estimated demand for net base in the last period, 

relative to the actual value, so that its negative tells us the estimated excess supply of net 

base in the final period.  Although this excess supply is a positive .0632 or 6.32%, its 

Moment Ratio standard error is .0517 or 5.17%, so that there is too much uncertainty in 

our near-unit-root net base demand function to say that even this large figure is 

significantly positive. 

 The last column of Table 3 gives the autoregressive parameters estimated with 

(40), subject to a unit root restriction.  Using these values to generate simulated errors, 

the MR(p) unit root test cannot reject a unit root at even the 10% level (p
UR

 = 0.117).  

Table 4 therefore provides standard errors imposing this unit root, both unconditionally 

and conditional on the last error being 0.   
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Table 4 

log mt = c + a log yt + b Rt + et 
mt = real Monetary Base 

yt = real GDP 

Rt = 3-month Treasury bill interest rate 

All variables normalized to 0 in final quarter 

1959Q1 ï 2011Q1 (n = 209) 

Unit root imposed: 

 

 

 

coefficient Unconditional e0 = 0 en = 0 

c ¤ 
(0.000) 

0.426 

(-0.148) 

under 

construction 

a 0.284 

(3.022 

0.284 

(3.022) 

 0.284   

(3.022) 

b 0.0190 

(-2.060) 

0.0190 

(-2.060) 

 0.190   

(-2.060) 

The standard errors on the slope coefficients a and b are the same in both cases.  

The standard error on the income elasticity a increases by 465% above its MR(p) level, 

while that on the interest semielasticity b increases by 168%.  Despite these huge 

increases, both remain significant at at least the 5% level, so that the ñmoney demandò 

relationship between m, y and R is not spurious, even if a unit root is present in the errors.   

 With a unit root in the errors, the unconditional standard error of the intercept c is 

infinite, simply because of the infinite unconditional variance of a unit root process.  

However, the standard error conditional on any particular value of the error process being 

taken as 0 is finite.  The last column of Table 4 gives the standard error of the intercept 

conditional on e0 = 0.  A more relevant reference point would be en = 0, but this 

computation is still under construction.  

 If the constant semi-elasticity functional form may be extrapolated to out-of-

sample interest rates (admittedly a big ñifò), the negative reciprocal of the interest rate 

elasticity, -1/b = Rmax = 25.6%/yr, is the interest rate, and therefore roughly the inflation 

rate and net base expansion rate in excess of real growth, at which real seigniorage is 

maximized (Cagan 1956).  Any seigniorage target above this rate is not consistent with 

any finite fully anticipated inflation rate, and hence leads eventually to runaway 

hyperinflation as agents revise their inflationary expectations upward without bound 

under iterative learning (McCulloch 1982). 

 The maximum theoretically sustainable seigniorage with fully anticipated 

inflation, with net base demand and supply in equilibrium, and with no secular growth in 

real income is therefore approximately Rmax exp(-1) = 9.4% of net base demand, or about 

smax = (.094)(exp(-.0632))($1015.7 billion) = $90 billion (2011 dollars) per year in 
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2011Q1.  Three percent annual secular growth in real income adds zero-inflation 

seigniorage from net base creation of approximately (.03)(.8598)(exp(-0632))($1015.7 

billion) = $25 billion per year to this figure, for a potential total of approximately $115 

billion (2011 dollars) per year without hyperinflation.  

Although the increase in the total monetary base between June 2010 and June 

2011 was $647.4 billion, most of this can optimistically be interpreted as financial 

intermediation funded with interest-bearing excess reserves.  The net base increased by 

ñonlyò $93.5 billion.  This figure suggests that the US may experience accelerating 

inflation in the near future, but it is still short of the $115 billion per year sustained 

seigniorage required for a complete meltdown.  One factor that has perhaps mitigated 

inflation is that nominal base growth was very low between 2006 and 2008.    

 

 The estimates of net base demand in this section are merely designed to illustrate 

the Moment Ratio approach to estimating autoregressive coefficients.  They tell us 

nothing about the important dynamics by which the price level adjusts to clear any excess 

supply or demand for net base money, nor by which net base demand adjusts to real 

income and/or interest rates.  As suggested by Mizon (1995), adding lags of both the 

dependent and independent variables to obtain a general dynamic model may be 

preferable to just mechanically adjusting the standard errors for serial correlation.  See 

also Choi, Hu and Ogaki (2008).   

 

Adding lagged dependent variables to a regression is equivalent to estimating an 

autoregression, except that the ñintercept,ò instead of being a constant, fluctuates with the 

exogenous regressors.  Perhaps in the future, the Moment Ratio concept can be extended 

to the estimation of regressions with lagged dependent variables. 

 

 Examination of the innovations computed from the regression residuals shows 

that they exhibit severe volatility clustering that violate our assumption that the 

innovations are i.i.d.  The largest innovations occur during 1980-1983, a secondary 

cluster during 1971-1974, and a third cluster 2008-2011.
23

  It may therefore be 

appropriate to incorporate a GARCH-type adjustment into the model.  However, such an 

adjustment goes far beyond the scope of the present paper.  The MR-HAC estimator 

proposed above takes regressor-conditional heteoskedasticity into account, but not the 

more important sequentially-contingent heteroskedasticity of volatility clustering. 

 

12.  Conclusions 

 

 The proposed Moment Ratio Estimator for the autoregressive parameters of the 

errors in an OLS regression is computed from the conventional residual autocorrelation 

coefficients, but greatly reduces their bias, and provides coefficient confidence intervals 

with far less size distortion than alternatives.  The estimator is in the spirit of the Median 

                                                 
23

  The Carter Credit Controls of 1980 Q2 caused an extreme movement in T-bill rates relative to the prime 

rate that results in a very large ñerrorò in that quarter that perhaps should be dummied out.  But volatility 

was extreme during 1980-83 even without this incident.   
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Unbiased estimator of Andrews (1993) and McCulloch (2008), but does not require their 

Monte Carlo simulation, and provides smaller standard error bias in the illustrated case. 

 

 The presence of a unit root in the errors, and therefore the absence of a 

cointegrating relationship, does require reposing the problem, but does not by itself 

indicate that an OLS correlation between the variables is spurious.   

 

 The Moment Ratio estimator is applied to a demand function for Net Monetary 

Base.  The Moment Ratio autoregressive coefficient estimate is quite close to unity, and a 

unit root in the errors cannot be rejected .  However, both the income elasticity and 

interest semi-elasticity remain significant in the base demand equation, even when a unit 

root is imposed.   

 

 Despite their consistency, the popular HAC standard errors of Newey and West 

(1987) can greatly overstate the precision of OLS coefficient estimates with sample sizes 

and serial correlation commonly found in economic studies.  Although the regressor-

conditional heteroskedasticity targeted by the Newey-West HAC estimator is not 

typically as serious a problem in econometric data as serial correlation, a ñMoment Ratio-

HACò procedure is proposed that incorporates this consideration.  However, there is a 

substantial cost in terms of size distortion to employing it when errors are independent of 

the regressors.   
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Computational Appendix 

 

(Under construction) 

 

 

 

Graphical Appendix 

 

The following page shows first, the correlation matrix R for n = 100 and j = .98, 

and second, the matrix W0 that replaces it in the unit root case j = 1.   

The next page shows first, the covariance matrix ZRZ of demeaned errors with f 
= .98 and unit error variance, where Z is the mean-removing matrix defined in (33).  

Notice that the residuals all have variance less than (n-k)/n, and are heteroskedastic.  

Because the variance of the residuals is highest for the two ends of the sequence, and the 

covariance is negative from one end of the sequence to the other, there will be a tendency 

for a spurious up- or down-trend to appear to be present in the demeaned data.  This may 

easily appear to be significant using OLS standard errors, but MR-corrected standard 

errors will  give correct size.   

The second image on that page is the covariance matrix ZW 0Z of de-meaned 

errors with j= 1, and unit innovation variance.  Apart from the different convention 

regarding vertical scale, the two images are almost indistinguishable.  Although it is 

evident from W0 which error it conditions on, the properties of the demeaned errors do 

not depend on this choice.   

 

 The third page shows the covariance matrix for detrended residuals with  f = .98 

and f = 1, i.e. MRM and MW 0M , where M  is computed from the trend line regressor 

matrix X = [ones(n,1)  (1:n)ô] (in MATLAB notation).  Again, the two matrices are 

almost indistinguishable apart from vertical scale convention, and the second covariance 

matrix does not depend on the choice of W t.     
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