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ABSTRACT

A Moment RatidMR) estimatoris proposed for the parameters of an
Autoregressive (AR) model of the error in @rdinary Least Squarésear regression.
Although it is computed froratandardesidualautacovariancs, it provides corrected
regression parametstandard errorgith far lessmedianbiasand confidence intervals
with far better coveragdanconventionahlternatives The estimator is in the spirit of
the Median Unbiased estimatorAfdrews (1993)butis far more easily computed

TheMR estimatorusesthe sameutocorrelationnformation that goes into the
popular NeweyWest (1987) HAC covariance estimator under a standard automatic
bandwidth selection rule, and theredhaesthe autocorrelatiorconsigency ofits
covariance estimataghen the autoregressive order and bandwidth are selected by the
same rule However, since it neither truneatthe autocovariogram nor downweights the
autocovariances it does use, it greatly dominates HAC covariancetestiim terms of
median bias, mean bias, aside distortion in simulations of a trendline regression with
autoregressive errarg-urthermore, since it corrects much of the bias in direct Method of
Moments (MM) estimates of the autoregressive structudeminates MM covariance
estimates in terms of both median bias sizé distortion

The presence of a unit root in the err@isd therefore the absence of a
cointegrating relationshipmong the regression variablesquires reposing the problem,
but does not by itself indicate thah OLS correlation betweethevariables is spurious.
The MRestimator ijuite biasedn this limit, butstill outperformsoth MM and HAC.

A unit root test based on the MR estimator is developed and found to hgveaddrate
size distortionin simulations Imposing a unit root when it cannot be rejected greatly
improves confidence interval coverage.

TheMR estimator is applied todemand function for monetary base net of
interestbearing excess reserve3espte anearunit-rootin the MR estimatedoth the
income elasticity and interest sealasticityremainhighly significant in the base
demand equationA unit root cannot be rejectdry the MR test. However, even when a
unit root is imposedyoth slopesemain significant, so that the regression is not spurious
despite the absence of a cointegrating relationship.



1. Introduction

Serial Correlation is a pervasive problem in time series madelsonometrics
as well as irstatistics in generalWhen, as i©ftenthe casepositiveserial correlations
presenin both the errors and the regressdrbas long beewell known thatOrdinary
Least Squares (OLS) standard errorsgamerallytoo small, andvencethe derived-
statistics too largé

If the form andparameters of the error serial correlation were knows, it
elementaryto computecorrect standard errors for OLS regression coefficiedtawvever,
observed regression residuals are typically much less persistent than the unobserved
regression errors. Correlations estimated directly from the regression residuals therefore
provide inadequate indication of the serial correlation that is actually present. This
problem is particularly severe #e persistence the errorapproaches or en reaches
a unit root

The present paper proposeSlament RatidMR) estimator for the parameters of
an Autoregressive (AR) model of the egam an OLS regressiorAlthough it is
computed from conventional correlation coefficients, it reduces tiegiative bias, and
provides standard errors with far less median bias and confidence intervals with far better
coverage than conventional alternatives. The MR estimator is in the spirit of the Median
Unbiased estimator of Andrews (1993) and McCullod¥08), but does not require
laborious Monte Carlo simulation of the distribution of the sample autocorrelations.

By allowing the AR order to increase with the sample size by the same formula
that is commonly used for New&yest (1987) HAC standard erroitsshares their
consistency with respect to autocorrelation, but without their substantialdariple
bias. A modification of the homoskedastic MR estimator is proposed to capture
regressorconditional heteroskedasticity with less fingample bias #n the Newey
West estimator.

A unit root in the errors requires reposing the problemgredtly increases the
variance of OLSlopecoefficients but otherwise presents msurmountabldlifficulties.
In particular, the presence of a unit root in éners does not by itself indicate ttzert
OLS regressiois spurious.A unit root tesin the spirit ofthat of Andrews (1993) is
developedhat has only moderate size distortion in simulations using a trendline
regression

The Moment Ratio estimates applied to alemand functioffior realNet
MonetaryBase, i.ethemonetary base net of interdstaring excess reservebhe MR
standard errors are mubigherthanconventionahlternatives.Theincome elasticity
and interest serelasticityremainhighly significant everafter correction for the serial
correlation. The MR persistence coefficient falls short of unity at 0.927, but a unit root
cannot be rejected at the 5% test size (p =.117). However, even if a unit root is imposed,

! This understanding goes back at least to Bartlett (1935) and Quenouille (1952).



both slopes reain significant so that the regression is not spurious even in the absence of
a cointegrating relationship.

Section 2 beloweviews basic theory. Sectiord8velopsthé MR( 1) 06 model ,
i.e. theMR estimator in the case of stationary AR(1) errors, amdpares the derived
standard errors to conventional alternativBsction 4discusses thBeweyWestHAC
estimator. Section5 develos themodifications required for the MR(1) estimator in the
unit root case. Sectidhinvestigates the bias in MR) standard errors using Monte
Carlo simulations Section Hevelops an exact unit root tést the case of AR(1) errars
Section8 develops the MR estimator, which extends the MR@stimator to a more
general ARp) errorprocess Section 9 uses simulatis to compare the bias and size
distortion of the MR(p) estimator to that of OLS, HAC, and direct Method of Moments,
in addition to the noarametric approach of Kiefer, Vogelsang and Bunzel (2080).
MR-HAC estimator is proposed. Section 10 develpapproximate unit root test for
the MR) case, and finds that it has only moderate size distorSection 1 applies the
MR estimator to @emand function for real Net Monetary Ba&ection12 concludes.

2. Basics

Consider a timeseries linearegression of the form
y=Xb+ U (1)
whereX is an n3 k matrix ofexogenousegressorsvhose first column is a vector of
unitsso thatb, is the intercept We assuméhatthen 3 1 error vectoe has mano, is
independent oK, and if stationary has @ime-invariantautocovariation structuye

a=e0%=(g ).
The OLS estimator d,
BF=(X'X)" X'y =b+(X'X) *X'U
then has covariance matfix
C= Cov(@
= E((x X)X OB (x X))

-1 ~ -1 ' (2)
= (X'X)X'TI XX'X)
=g, (X'X) " X'RX(X'X) ™,
whereR is the populatiorautocorrelation matrix,
R=(r.,)=0/g,. ©)

Thevector of observe®@LS residualequals he fAanni hMtineestoer mat r i
vector of unobserved errors:

e=(- X(X'X)*X)0=MU. (4)
Define
s; =tr(ee), j=02 ,n-1

2 See, e.g., Greene (2003: 193).



where thg-th order trace operatotr;( ) for an § n matrixA = (a;;) is definedby
n-
trj (A) = a a'i,i+j '
i=1

Theresidualautocorrelations are themstomarily computedrom the residualas

r=s/s, j=02,n-1 (5)
In general, .

Eee=E(MUOM) =M M, (6)
so that

Es, =tr,(MaM) =g, tr,(MRM). ()

Under the classic OLS assunaot G = g, , (3) becomes

Co® = gy (X'X) ™. ®)
In this case
_ S
S 9
o €)
is an unbiased estimator gf Furthermore,
ErS =2 (X'X)? (10

is an unbiased estimator 6f However,when, as is often the case, the errors and
regressor(s) are both positively serially correlagéds; no longer unbiased ar@C-Swill
underestimate the variances of ﬁe

If G or everR, were known, Generalized Least Squares (GLS) would provide the
efficient estimator ob, along with an unbiased estimate of its varigh¢towever, when
the covariance stoiure must be computed from the regression residuals, Hayashi (2000:
59) warns that the finitsample properties of the Feasible GLS estimatbrarke
unknown. The present paper therefiastricts itselfin the spirit ofNewey andVest
(1987),to the poblem of estimating the covariance matrix of the OLS estimat@n in
the unitroot and neaunit-root case

3. Stationary AR(1) errors

3 This definition followsHayashi (2000: 408)Greene (2003: 268), and others, by taking the ratio of the
sumof n-j terms to that of terms, to obtain what might be called theaksample autocovariances. The
strongautocovariance, defined as the ratio ofaheragevalue ofee to theaveragevalue ofqz, by
analogy to the population autocovariamgeis larger by a factor af/(n-j) and is less biased. However,
the convention employed has little effect for small valugasfddoesnot affect the proposed Moment
Ratio estimator, provided it is used consistently.

* Choi, Hu and Ogaki (2008) thus renmend estimating regressions with unit root and-neitrroot

errors more efficiently by Feasible GLS (FGLS). However, they still estimate the AR(1) coefficient by an
OLS regression of the OLS residuals on one lag of themselves and therefore empbey {tb@ugh
consistent) estimate of this coefficient. Basing FGLS on thebiesed MR estimate of the AR(1)

coefficient instead would yield superior finite sample properties.



The serial correlation in economettime seriesegressions is often
approximatelyAR(1) in structure

6 =/6.,%u, (11)
where the innovations; are iidwith mean 0 and finiteariances *. Under (1), the
populationautocarelationsare

ri=;". (12

For the momentye assumdy | < 1. The unit root casg = 1 requires reposing the
problemsomewhatand is discussed Section5 below

Figurel illustrates theautacovariance function for a simple trendline regression
y,=b, +bt+e, (13
whose errors are anR§1) process witi = 0.9 ands®= 1. The blue line shows theie
autocovarianceg, ... 1. Thesedecay geometricalifrom g, :1/(1- J 2) by factors of

J/ and are all positive. A pseudandom draw from this procegss constructedith
Gaussian innovationand wadit by OLS to a linear trend with an interceghe
irregular green line plothe estimated {gng) autocovarianced the residuals,

&#°=s/(n- j)).
These estimated awtovariancesnitially do decay at an approximately geometric rate.
However, theyexhibit threetypical problems: First, &#° greatly understatetse true

unconditional variancg. Second, they decay faster initially than the truejratdnd
third, after the firstseveralags they begin to fluctuate randomigecause of reduced
independent sample siaadhencebecomeno longer informative

The red linan fig. 1is the autocovariance function of an AR(1) process fihéo
first two autocorrelationby thedirectMethod ofMoments(MM). Thisinitially captures
the geometric shape of the true autocovarianebie it ignoresthe uninformative
behavior of the estimated autocovariances at the long end. However, it starts with too
low a value and then decays at too fast a rate. Hence it will tend to give too small a
value to the estimatestandard errorsf the regression parameters when stied into
equation 2).”

® The cyan line in Figuré idertified as Newey West BW4 is discussed in Section 4 below.



Autocovariances of trendline residuals, AR(1) errors, phi= 9
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Figure?2 illustrates

Es*/g, =tr,(MRM)/(n- K), (14)
the expectatiorof s’ relativeto the true variance, of the regression errors, as a function
of the true AR(1) parametgr, in the case of the simple trend line moaéh sample size
n = 100. For/ > Othisratiois less than unityand hence’ is downward biasedThis
bias dependsrothe observed regressor maixiby way ofM, butis alsoa function of
the unknown parametgrvia the correlation matriR. As;/ =1 is approachedhis bias
actually becomes infinite, singgis infinite while the expectation af®-° is necessarily
finite when an intercept is included in the regression



Bias in s2 (trend line model, n = 100)
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Bias in & relative to the true varianag of the regression errors, in a trend line regression
with AR(1) errors, as a function of thei¢ AR(1) parameter.

In order to correct these deficienciaghe AR(1) casewe define thévloment
Ratiofunction forr; as the ratio of the population moments whose sample counterparts
definer, per 6) and {):

Y LX) =tr,(MRM) /tr,(MRM) . (15
The value ofy () depends op through the correlation matriR, and also oiX viaM.
Fortunately, however, it doe®tdepend on the unknown eificient vectorb or the error
varianceg. Figure3illustrates this value as a functionjoffor the special case of a
trend line regression with n = 100. A 45 degree line representing the true vAlise of
also pldted.



Moment Ratio Bias in r (trend line model, n = 100)
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Figure 3

It may be seen that already has a small downward bias (in the Moment Ratio
sense) whep =0, and that this downward bias increases mereases to 1. The bias
may also be computed fpr< 0, butwasfound to vanistas; ®-1. Hence, only the
more commonly encountered cgse 0 is illustrated.

Thisbias inr; as an estimator gf may be eliminatedsimply by numerically
evaluating the inverse of the functignf; X), with respect tats first argument, at the

empiricalr,, whenpossible If r; exceedsy I X) (0.91 in th example)ye instead use

the point ofneaest approagmamely/ = 1. Formally,
JBR = argmi]n|r1 - ¥ L5 X)) (16)
Ji(-11

Thisinversefunctionand its extensiors illustrated in Figuré below.
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Moment Ratio estimator of f (trend line model, n = 100)
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Andrews (1993) has noted that a pattern similar to that in F&yemeerges when
the median of the Monte Carlo distribution of the OLS estimatgrisfplotted against.
Andrews proposes that &xactlyMedian Unbiase@stimator of be computed by
numerically inverting this median functiofn a precursor to #hpregntpaper
(McCulloch 2008), the author mp | ement s and extends Andr ews?o
median unbiased estimators of all the coefficients of an AR(p) model for regression
errors. However, the Moment Ratio approach of the present papergiyesmilar
results, without the tedious and noisy Monte Carlo simulation at each step of the
numerical search.

Once,/B™ has been found, the correlation mafixnay beestimated by

e = (1) (17)

A natural estimator ofp, thatwould beunbiaseddy (7) if computed with the true
value of/ , is 5
s/t (MERM) . (18
However this does not lead to a consistent estenaf the variance of the innovations in
the limit as/ approaches unifyas discussed in sectién This problem camevertheless
be avoided by instead basing the estimatgp oh theinnovations
u=e-/ e, i=22n



11

or

u=D,U
/

where thgn-1)xn quastdifferencing operatod; = (d;) is defined bydj+1 = 1,di; =-/,
andd;; = 0 otherwise.Theconsistentlyestimated innovations are then

ie=D,e=D,MU
so that

E&li=D, MUMDj =s°D, MGMD;j, (29
whereG = (g“_ j|)= t/s?=g,R is the covariance matrix of the errors, normalized to
unit variance for the innovationsn the AR(1) caseg, =1/(1- J 2). Then

EdiE=s2tr,(D, MGMD; ),
so that 5
£, = &énr, (D, MGMD) )
would bean unbiased and consistent estimator of the innovation vaifaneeere
known When/ is estimated consistently hi#"®,

£, =G, Dy MEMD}.. ) (20
becomes a consistenaat leastapproximately unbised estimatorThe Moment Ratio
estimator of the covariance mat@xof 6 as given in2) is then

EMR = & (X X) X ERX (X' X) . (21)
If desired, the variance of the AR(@j)rorsmaythenbe estimated by
& =£ - (B")) (22)

4. The NeweyWest HAC covariance matrix

The truncatedkernel Heteroskedasticity drutocorrelation ConsistentiAC)
covariance matrix, introduced by Newayd West (1987), is now widely used by
economi sts to fAcorrectodo the standard e
correlation. Greene (2003: 201) repor
' iterature. 0 -12mentosshonly it,(th2 irdilar:Quadrati® Spectral
HAC of Andrews and Monahan (1992), and the Vector Autoregression HAC{VAR
HAC) method of den Haan and Levin (1996) as appropriate methods for correcting OLS
standard errors for serial correlation. Stock @ratson (2007) present HAC as thaly
method worthy otonsideration

or s
h a

~ =

rr
ts

In the OLS case considered helee NeweyWest HAC estimatoof C simplifies

to
EMC = (X'X) X FX (X' X)), (23
where
F=(ee K(i- jD) 24)
and

K(1) = max((m+1- 1)/(m+1), 0) (25)
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is thetruncated Bartlett Kernel functicior somebandwidthm. (Greene 2003: 200)
Most econometric packages pr ovHAGesinaut omat i c
formula such as the following:

m= @& (n/1002°(, (26)
Whi%hjustyields m = 4 (corresponding to 4 nepero autocorrelation terms usddj n =
100.

In thebenchmarlcas of homoskedasticitprimarily consideredn the present

paper the expectation of the HAC estimator is

EE™C = (X'X) IX'H ™ X(X'X) 2, (27)
where

H*C =(h K(i- j]) andH=(h,)=MiM.
HAC thus effectively employs onlye firstm sampleautocwariance, andreplaceshe
others with zeros. At the same time it deweights the autoa@riance it doesnot
discardby the factor i+ 17 I)/(m+1). It alsousesthe regression residuals as if they were
the errorehemselves For all three ofthese reasons, it tenofsfinite sampledo
underesmate thestandard errofor a regressor which is itself serially correlated
However, the amount by which it does this depends on bott) #mel thedegree of
serial correlation of the regressors themselves.

Aside from its heted®dasticity adjustment, the NW HAC estimator in effect
thereforereplaces the already twicwnwardbiasedd™® with &£°K(j), as depicted

by the cyan line in Figuré above. Athough NW provides some improvement over the
OLS standard errors, the already seriously deficient AR(1) standard errors are far
superior.

As the sample sizeriseswithout bound, the bandwidth determined Bg)(also
rises without bound, so that eventually every Ia% is included andv&tomes arbitrarily
close to unity for each Furthermore, as long @“/malso rises to infinity, each
autocorrelation is consistently estimated (Newey/West 1994: ¢33 ever, h order to
increasam by a factor of 10, so as to incorporate 40 lags rather than just 4 as=with
100,n would have to increase to approximately 3,200,00000 observations ara!
that isavailable, this consistency provides only little comfort.

5. The Unit Root Casg =1

Theunit root casg = 1 poses no insurmountable problesslong as there is a
constant ternand a trend or trending variable(s)the original regressiofi), and so
long asestimated innoationsare used to estimate the variance of the innovatitms
particular,a unitrootintheerrodoes not iin itself indicate a
which OLS coefficient slope estimates become meaningldssvever, it doesequire

® EViews use€quation 6), following a suggestion of Newey and West. Stock and Watson (2007:607)
suggestm=@.75n"* - 0.5(], which has very similar efé for nin the range 50 2000, and generally

identical effect in the range 400L000. The notationéuindicates thdloor functionof x.
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reposing the poblem,so as to replaceertainundefined mathematical expressions with
their limiting values.We assume thati (- 1,1], so that a unit root is the only type of

nonstationarity that will be encountered.

As is well known, OLS coefficiergstimates are inconsistent when both the
regressor(s) and the errors contain a unitwotit no drift See e.g. Choi, Hu and Ogaki
(2008: 330). Conditional on the observed regressor(s) arithitieannovation variance,
the limiting coefficient errors Gaussianvith positive variance Even sgthere may be a
problem of estimating the innovation variance from everettienated innovation$the
residuals themselves are not consistently estimated.

Neverthelesswhen theegression includes a coast anda time trendthe slope
coefficient becomeén consistent Hayashi (2000570) shows that after scaling the
horizontal axis by n and the vertical axis®y, the slope coefficient is Gaussian about its
true value with a finite variance. Withotet scaling, the slope coefficient is therefore
Gaussian with standard error proportional @nl/Likewise, if the regressor is unit root
with non-zerodrift, the drift will dominate the unit root noise for largeamd so the
regressor will act as if ivere a time trendThis section is therefore limitdd the case in
which the regressors include either a time trend or a trending variable.

As/ -1, each element d¢lfie unconditional covariance mat®becomes
infinite, holdingthe variance ? of the innovations ini(1) constant. Furthermore, each

element of theorrelation matriXxR becomes unity in the limitThese matrices are
therefore no longer useful or informatjand the problem must be oged without them

Although a random walkas infiniteunconditionalvariance and covariances, its
variance and covariances asdl finite conditional on its value at any point in tifreay t
= 0. If the errorsU are a random alk that arise by accumulating white noiseve have

U=¢g,+Nu
where

N=((¢j) (28)
is then 3 nintegrator matrixand the logical indicato(i ¢ j) takes the value 1 whehe
expression is true and 0 when it is fal3de conditionalcovariance matrixf the errors
taken conditional om, isthen

G, =EU')=sW,,
where

W, = NNi = (min(i, j)).

Furthermore, as long as there is a constant term in thessegn, the OLS
residuals will sum to zero regardless of the value of the random wiatk(atso that the
actual value ok does not matter for their propertieSquation 6) then becomes

Eee=Elee|g,)=M{i,M =5>MW M
so that
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Es, =5 tr,(MW,M). (29
The limiting value ofy [; X), as plotted in Figure 2hnenbecomes
Y LX) =tr,(MW,M) /tr,(MW,M). (30

Due to sampling error, the actualwva ofr; couldlie above or below this valueAny
value ofr; abovey I X) shouldsimply beidentified with /£'% =1 as in (L6) and Figure
4.

The innovation variance > could beestimated without biasising @9), by
S, [t (MW, M).

Unfortunately however this unbiasedestimator, which is the limiting value df9) taken
together with 22), is not consisteneven in a trendline regressisee e.g. Hayashi
2000:57@71). Simulationswith Gaussian errofigsidicate that for a model in which only a
constant term isstimatedits distribution is approximatelyscaledc? with 2.5 degrees
of freedom using eithen = 100 om = 100Q In a linear trenline model, t is
approximatelyscaledc” with 5 degrees of freedom, using eitier 100 orn = 1000.

However,using theestimated innovation@vhich are in facsimplyfirst-
differencedresidualdgn the unit root case being discussed hexgliation {9) becomes

Euui=E(uui| &) =s°D,MW,MDj,
whence

Euju=EU'u|e,) =s2tr,(D,MW,MDj),
so that

£ =u'uftr,(D,MW,MDj) (31)
is an unbiased estimatahen it is known that there is a unit rodurthermore,
simulationswith Gaussian erronisdicate that the distribution of this estimator is

approximatelyscaledc® with n-k degees of freedom, for both the mean and triémel
models, and for both = 100 and 1000. Although there is no guarantee that it is

independent ofs- b, inference on the coefficients witlor F statistics based 032) and
(31 should be at least approximately valid.

Having computedE,,, we may estimate the covariance of the regression
coefficients, conditional on the arbitrarily chosen referencet iy
EVR = £ (X" X) XWX (X' X)L (32
If a reference poinbther thang, sayag, is chosen, the conditional covariance of the
errorsbecomes
i, =EQk)=s°W,,
where

" Althoughs, can be expressed as a linear combination of squared N(0,1) random variables, the weights are
uneaual so that its distribution is not exact. Nevertheless, the relation betw
simulated mean and variance is the same as far’thith the indicated degrees of freedom.
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W, = (\Nltl )’
with
. _eémin(li-t[|j-t]), (i>tandj>t)or(i<tandj<t)
7o, else
SinceMW M does not depend on the choicd,axactly the same values ¢fT, X) and

& will be obtained. Furthermore, except for its first row and column,

G = Ee (X X) XWX (X X)
doesnot depend orhe choice of. The estimated standard error of the constant term
thereforedoesdepend on theeference point defined by tichoice oft, while those ofthe
slope coefficients, ... i do not. In particular, the regressibrstatistic for the joint

hypothesish, = 0, ...Hc = 0 isat least approximatelyalid despite the unit root in the
errors, and is invariant to the arbitrarily chosen reference point.

If theonestepahead forecast of,y: (conditional on the timé= n+1 values of
the regressm) is of particular interest, the reference pbmn+1 may bea convenient
choice In this case,

W, =(min(n+1- i,n+1- j)).
Another particularly natural reference pogiohe that does not single out anglividual
point inthe sample perigds themean error

O=3Un,
wherei = (1, Conditionind on tnis value, we have
EVR = £ (X'X) IX'W, X(X'X) ™,
where
W, =ZW,Z
and
Z=1_ -9/ (33

Since the unconditional viance of the errors is infinite in the unit root case, the
unconditional variance of£"® is also infinite, as is its unconditional covariance with the

other coefficients.In the unit root case, we may therefore wiiite unconditional
covariance matrix as

EMR: ngoMR ns
where ,is the 1§ n identity matrixl,, with its (1,1) element replaced by
6. Monte Carlo Properties of Moment Ratio Estimator in AR(1) case
Figure5 below shows the Moment Ratio Functip(y , X), along with the Monte

Carlo mean, median, quartiles, and 5th and 95th percentiles of the distributipasoa
function of the true value gf, againfor the trend line model with = 10Q under the
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additionalassumption o6aussian errors The median line isssentially the same te
median function inverted by Andrews (1993) to determine his Median Unbiased
estimator of the autoregressive paramgtérThe Moment Ratio Functiois almost
indistinguishable from the median for valueg afear 0, butisesslightly above the
median ag increases. Nevertheless, it remains well within the quartiles, and at least
approximately corrects the median bias;oivhen inverted.The downvard skewness of
the distribution of yfor j/ < 1 pulls the mean of the distribution down below the median
by a comparable amount.

Moment Ratio function with distribution of r (trend line, n = 100)
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Figure 5

Because the Moment Ratio function lies above the median in Figurg 5>fOr
andboth are increasing functions / , /E'® is necessarily less than the Median Unbiased
estimator computed by inverting the Monte Carlo median functio) ahd therefore

8 This simulation was performed with= 99,999 replicains usi ng MATLAB®s randn(6st a
random number generator, fbin steps of 0.01. The same seed was used for each valumalrder to

make each simulated percentile a smooth functigh of

® Andrews in fact bases his estimator on an Cé@ession of yon y.;, a constant, and t, rather than on

the first order autocorrelation of the residuals of a regressiojoofg constant and t. The two approaches

are nevertheless very similar. As demonstrated in McCulloch (2008), the latteac@pgeasily applied

to the residuals of a general OLS regression with high#er autoregressive errors.
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provides a less conservative adjustment for serial correlatiteast for tharendline
problem simulated

Figures6 to 17 are based on 10,00@onte Carloreplications of a trendline
regressiorwith n = 100equally spaced and demeaned vahfate independent variable,
GaussiarAR(1) errors and various true values pfranging from-0.2 to 1.0, inclusive.
The AAR(1) 0 model i's f it trypinconuectiohwittea k) s ampl
estimate ofy that isunbiased conditional gh=r;. Th e @A HA Carehasedaal t s
bandwidth of m =4, using formula 26).

Figure6 shows the Monte Carlo median of the squared standendad the slope
coefficient, réative to the true variance of the coefficient, so that a value of unity reflects
the target of zermedianbias As expected, OLS is right on thearkwhen the errors are
uncorrelated, buthendeteriorates rapidly as the degree of serial correlatiopases.

With random walk errors, the true variance of the slope coefficient still finite, but is 180
times larger than the OLS estimabecaus€®©LS takes no accourst all of serial
correlation.

MC median of variance: trendline slope, n =100
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aLs
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ME1
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0.2 a 02 0.4 Ok 0.8
true ¢
Figure 6

NW HAC provides esme improvement over OLS fprgreater than
approximately 0.13. However, it hasbstaial negativemedian bias (median/true =
0.90) when the errors are white noise. Thisesause HAC ignores correlations greater
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than or equal to its bandwidth, becautsdownweights the correlations it does take into
account, and because it takes no account of the distinction, important in finite samples,
between the residuals and the errors

The AR(1) modefit directly tor; is a big improvement over HAC. In gahis is
due to the fact that tressumedData Generating Process (DGP) is really AR(1) while
HAC is nonparametric, so thAR(1) correctly takes into accoutite behavior of the
higherorder autocorrelations. Another factor is that an estimaggtbét is unbiased
(conditional oy =r;) andthatthereforetakes into account the distinction between errors
and residualsvas employed.

Finally, the AR(1) Moment Ratio estimat®tR(1) is clearlythe leader of the
packby this metricexcept for OLS whe/ is very near OBecause of the upper bound
imposed onE'?, it is inevitablysomewhabiased downwards gisapproaches and
reaches 1

Figure7 is similar to Figure, except that it gives the Monte Canwars of the
squared standard errors, relative to the true variance of the slope coefficient, rather than
the median OLS, HAC and AR(1pll have mean biasegialitativelysimilar to the
median biass shown irFigure6. However, MR1) now has gositivemean bias for all
but the highest values pf For/ < 0.6, this bias is quite small, but for larger values it
growsquickly, reaching a peak of +95% at= 0.95 (corresponding to a RM& +40%
for the standard error itself). This mean bias is due to the fact that the squared standard
error is a highly convex function ¢f, especiallyas; = 1 is approached, so that
overestimates gf have a much bigger impiagn the mean than do underestimates. The
mediars in Figure6 areless affected by thfactor, resulting in negativeedianbias
throughout. Forj > 0.%, the upper boungE'® ¢ 1 becomes binding ne frequently,
with the result that understimates start to dominate, and the bias turns negdtere
0.98. At/ =1, the mean variance bias49%, corresponding te30% in terms of the
RMS standard error
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MC mean of variance: trendline slope, n= 100
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Figure 7

An anonymousNSF referee has made the very helpful suggestion on an earlier
version of this paper that the ultimgteelevant criterions not themean or mediabias
of the corrected standard errors, but rather their ability to construct confidemealgte
with correct coverage. Figwe8 and9 below shows the simulated coverage of a 95%
confidence interval for the slope in the same trendline regressiom wifl®0 and
Gaussian innovations. 10,000 replions were again used, so that the sampling standard
error of the coverage of a 95% confidence interval is 0.22%. The trend regressor was
normalized to have mean zero, so that the intercept takes on the value of the regression
line at its center. Thafercept and slope coefficients were, without loss of generality,
both set to O for this simulatiorzigure8 is shows the largscalebehavior ag - 1,
while Figure 9 is a detail of the same curves, allgndgomparisons fof near 0. In both
figures, the horizontal black line at 958athe target representipgrfect coverage.
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Coverage of 95% CI trendline slope, n =100
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Figure 9

Despiteits upward mean bia®r the slopevariance the MR(1) size distortion is
always negative and becomes more negative throughout the rahdd.[Although it
does not have perfect coverage, the MR(1) estinadteays has better performance than
HAC or AR(1), and almost always dominates OL$tHis metric.

The pattern for the estimated intercept is qualitatively similar to that shown for
the estimated slope in Figuré$ 9, and hence is not shown hereoweéver, since the
autocorrelation of the errors interacts with the autocorrelation of the regressor(s), and a
constant t er mévenmaraserially coerglated thas a trendlire regressor,
the biases and size distortions are slightly worséhintercept than those depicted for
the trend slope. A less serially correlated regressor would have less bias and size
distortion.

7. AR(1) Unit Root Test

The Monte Carlo distribution of for ; = 1, illustrated at the right edge of Figure
5 above providesasimpletest for a unit rogtunder the assumption of Gaussian errors,
that is exact to within Monte Carlo sampling errdirr; is less than say the 5th percentile
of this distribution (0.7777 for the illustratée@nd line regressionithh n = 100, a unit
root can be rejected with a S58fetailedtest size. The only practical way to perform this

test Iis with a Monte Carlo simulation compar
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Median Unbiased estimator, but since the test is opfiand even then the simulation
only needs to be performed under the piull 1,it is notnearly aomputationally
demanding as the Median Unbiased estimator.

It has become common in applied time ser.i
caution0 imposinga unit rootwhenevem unit root cannot be rejectedheblue
(upper) line in Figurd 0 showsthe simulated RMS standard error for the trend slope
when this is done, i.e. whgn= 1 is imposed Wweneverr; is greater thaf.7777,its 5%
critical value for this regressor matrix and sample skiz@. comparisorthe green
(central) line in Figurd.0 shows the Monte Carlo RMS of the Moment Ratio déad
error for the OLS trend sl ope coefficient, r
deviation represented by the red (bottom) line, for comparison to Figure 4 above. This
' ine 1 s the same &sexcephnew itisNERis of the BMS stand&d gur e
deviation, rather than the mean of the estin

Although tre indicatedstrategy completely eliminates the small downward bias in
the Moment Ratio standard error jor .979, it greatly aggravates iteoderataupward
bias for most other values pfaboveapproximately0.6. Such a strateggherefore
shauld only be used with caution, and will be explored in more detail in the MR(p) case
considered below.

Monte Carlo RMS SE of trend slope, rel. to true SE (n = 100)
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Imposing Unit Root if can't reject@5%
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. \
\

RMS SE of trend slope, rel. to true SE
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Figure 10
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8. Higher Order Autoregressive/Unit Root Modelsand Consistent Covariance
Estimation

Although an AR(1) model isftena good first approximation to the
autacovariation functionof econometric time series regression egrtris modelis
unnecessarily restrictiveThe true model magiot evenbea finite orderautoregressive
process However afinite orderAR(p) model

p
et:ajjet-j-i-ut (34
i=1

canapproximatenostcovariancestationaryGaussian processto any desired precision,
given asufficiently high value ofp.*°

As in the AR(1) model, the unit root case is not an insurmountable obstacle.
However, it does require separate treatment. Following Anderson and Chen (1993), it is
useful to rewritg34) in the equivalent Augmented Dické&yller (ADF) form

p-1

e=ag+aqle;-e .)ru.
j=1
where

A
a=al/;

- (35

g,=- &/ =12 ,p-1
h=j+1

We will call the parametea thefirst order persistencef the processA necessary
condition for stationarity i ¢ 1. Althougha <1 is not a sufficient condition for
stationaritythe unit root case =1 is the most common form of nonstationarity for the
errors in eonometric time series regressions. Hence, we will assume thatis the
only type of nonstationarity that may be present, and that sin&na unit root is present
the g define a stationary process for the first differences. tHarovords, we assume that
the process is either stationary or integrated of order 1. More formally, we assume that

the vectort =/ ,,2 ,/ p)i of AR(p) coefficients is an element of the sefor which

either all the reciprocal rootd the charateristic polynomial are inside the unit circle, or
for which only one root is on the unit circle, that root being 1 and the biprocal
roots lying inside the unit circle.

If an AR(p)process igovariancestationarythe YuleWalker equations

1% One notable exception is a ninvertible MA process. However, such a process would be only rarely
encountered in practice, except as ampjmapriately first differenced white noise. Long memory
fractionally integrated processes may require much higher valyethah will shortmemory processes,
and may require special consideration.
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PP
H=a aj}/h.g|j-h|+52,

j=1 k=1

p
g :a/k%-kp j=12,p
k=1

may be solved for thiérst p+1 autocovarianceg, ..., g in terms of the ARY)
coefficients/ ; and the innovation varianc®. The remaining autocovariancesythen
filled in recursively with

P
g, :a/kgj-k’ j=pt+tL2 ,n-1.
k=1

Convergly, the AR) coefficients may be found in terms of the fjpstl
autocovariances by means of

9.8 4% 3 Gy
Ud=eed0=e4d 4 ¢

g;jg g%p-l 3 & -

TheordinaryMethod of Moments (MM) estimator of the AR coefficients directly
replacesheerrorautocovariance momendsin (36) with ther (weak)empirical
counterparts/n as computed from the regression residuals:

o ~_10 ~
a 3 s .0 as 0
aeSO 1o aeslo

-1

O: OOt

(36)

Qo
R&
|- O: O: OO

p -

B

" =24 6 406 ®46 (37)
R, 3 5089

Although this simple estimator onsistentit takes no account of the distinction
between the errors and residuals aad biased in finite sampleparticularly as the
process becomes more persistent and approaches a unhit root

Generalizing15), we define theMoment Ratio Function drder pto be the
matrix fAratioo of the population moments cor

compute®"™ :

o ~_10 ~
aEs, 3 ESP18 geEslg
y(@;X)=e 4 6 4 6240
s, 3 Es, O &0 o
&1,(MGM) 3 tr,,(MGM )8 &tr,(MGM )G
= 4 6 4 o6& 4 &
g?rp_l(MGM) 3 tr,(MGm)? g?rp(MGM )2

™ The MM estimator defined ir8{) is virtually equivalent to the results of an OLS regression of the
residuals on their owp lags, with the exceptions that it treats the first and last few residuals symmetrically,
and uses weak rather than strong autocorrelations.
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The scaled autocovariae matrixG = G/s* depends on thieue autoregressive

coefficientsj but not ons®. This Moment Ratio Function depends on the autoregressive
coefficients througl® as well as the regressor matkxhroughM, but fortunately the
unknown innovation variare drops outllf the stationarity restrictiom <1 were never

binding, we could define the Moment Ratio Estimatd¢"® simply by setting
V% (EMR; X) =&"™ and solving this system gfnonlinear equations ipurknowns.

In the unit root case@ =1, the YuleWalker equationseadly determine the
normalized covariance matrkk of theerror first differencesn terms of theg,
H=Co\& - 6.1.6.- &.)/s’,
since we have assumed that at leasffitist differences are covariance stationary.
Conditional on saw, the errors themselves then have finite covariance matrix
CovU| g,) =s2NHN',
whereN is the integrator matrix2g). Since the regressias assumetb include an

intercept, heresiduals sum to 0 regardlessggfand schave finite conditionahs well as
unconditionalcovariancedetermined by

Cove| &,) = Cove) = s >MNHN' M .
In the casea = 1, we therefore define the Moment Ratio Function by
] . . ~-1° .
getro(MNH NM) 3 tr, (MNHNM )8 getrl(MNH NiM )
y (@ X)=2 4 6 4 0 @ 4

)
0]
I o
o (MNHNM) 3 tr(MNHNM) 2 &r, (MNHNiM)2

Generalizing 16) to the ARp) case, we may now defitiee Moment Ratio
Estimator&“® in terms of the point of nearest approach of the Method of Mament
EstimatordE™ to its Moment Ratio Function:

ER = argminHl‘E"""" -y (uX)H (40)
i F
This problem was solved numericatty this paper with generally satisfactory results
using a constrained Nelddtead polytope lgorithm, subject to the explicit constragnt
O 1 assignihg a very high value to the objective function whenever other non
stationary roots were encounteréd.

The innovations of an AR process may be computed from the errors by
u=D,U
where the if-p)xn innovationgeneratingperatoD; = (d;) is defined byd;i+p = 1, di+pn
=-/nandd;; = 0 otherwise. The innovatioestimated from the residuadse then

12 An earlier version of this paper instead attempted to thepfisampleautocorrelations directly to
individual moment ratio functions. However, this calculation turned out to be vegnitlitioned in the
vicinity of a unit root. Transforming the AR cdiefents to the ADF persistence form before taking the
norm in @0) will give the same answer if the unit root restriction is not binding, but a somewhat different
answer when it is binding. This alternative may be waoxftiaging in future work.
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iE=D,e=D MU (41)
sothatin the stationary case< 1,
Etti = D,M{MDj, =s°D;MGMDj;,
Ed5EE=s2tr,(D,MGMDj,),
whence _
£ = E&E tr([D,MGMD} )
would bean unbiased and consistent estimator of the innovation vayiatice true
value ofj were known.Whenj is estimaed consistently byE"?,
£, = &, (D ME*MDY, )
becomes a consistent and at least approximately unbiased estihisiber Moment
Ratio estimator of the covariance mathof °° as given in?) is then

EMR = & (X X) X ERX (X' X) .

When a unit root is presenhg estimated innovatiomssteadhave finite
covariance
CoV(i) = s °D, MNHN' MD;j
whence

£, = Eé&#r, (D, MNHN' MDj )

is an unbiased and consistent estimate of the inrwvadriance when the autoregressive
order andparameters are known and have unitary first order persistence. When the
autoregressive parameters apasistentlyestimated and the estimate happens to have a
unit root

=0 _ 5 EMRR |1 .
£, = EEhr, D oo MNEN'MD}.. )
is a consstent and approximately unbiased estimator of the innovation varidhee
Moment Ratio estimator of the covariance ma@irf °-° as given in?) is then

EMR = & (X X) X MNEFRN'M X (X' X)L

The autaovariation functionand therefore the coefficient covariance matnixy
now be estimated consistenfiyr almostanycovariancestationary or unitooterror
procesdy settingthe autoregressive ordgequalto

p=&(n/100*°(,
themaximum lag onsidered by thiormula 26) commonly used for the Newag/est
HAC estimator As nincreasesp as well as1/7/p increase without bound, so that
eventually every autocorrelation is utilized, and estimated consistéittysample size
100, this formula givep = 4.

9. Monte Carlo Performance ofthe MR(p) Estimator

13 In order to treat the first and last residuals symmetrically, the residuals were in fact computed both
forward and backward in time, and the resulting sums of squares averaged, in both the stationary and unit
root case.
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Figureslland12 show the Monte Carlo median and mean of the estimateé sl
variances usintheOLS, HAC (r=4), AR(p=4) estimated byMM, and MRp=4)
covariance matricesThroughout thérue DGP is AR(1)with the truevalueof
J =/, =r,indicated on the horizontal axissingGaussian errorand 10,000
replicatians.

Despite thenuisanceparameters thdtave beemddedor consistencyn case the
process is not AR(1}he shapes are qualitatively similar to those in FigGiaasd7
where the true AR(1) structure is imposéd.terms of median bias, MP) clearly
dominates ARp), which in turn clearly dominates HAC. HAC does dominate OLS
unless <0.13. As in the AR(1) case, Mp) does have a positive mean bias, which
peaks af =0.95 but then reverses abgve 0.98.

MC median of vanance: trendline slope, n= 100
15 T T T T T

— QLS
HAL
ARp
— MRp

M rmedian f true variance
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0.2 a 0.z 0.4 0.6 0.8
true ¢

Figure 11
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WIC mean of variance: trendline slope, n= 100
2 T T T T T

MC rmean S true variance

Figure 12

Figures13and14 give the95% conficence intervatoveragesisingthe
consistent MRY{) estimatorof the slope standard error, versus OLS, HAC andoARg
in Figuresl1and12 Despite the pronounceqmbsitivemeanbias of the MRg) estimator,
its coverage is under 95%. Neverthel&$R(p) dominates all the competitors in terms
of coverage bigexcept of course for OLS whegnis very close to 0
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Coverage of 95% CI trendline slope, n =100
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Figure 14

The additi on &ituredlBamdlsigibsédBon theovariance
estimator of Kiefer, Vogelsang and BunzZ€VB 2000), as modified by Kfer and
Vogelsang (2002)

EVB = (X' X)X BX(X'X) 2,
where

B=(ee;(n-[i- j|)/n)
andc is an asymptotic correction for bias. The computatioshafdir and Paruolo
(1996, 2002demonstrate that in terms of the above 2002 version of the statistah(w
differs by a factor of 2 from that in the 2000 paper), ¢ = 5.588756881le KVB has
the advantage thatrtakes naise ofparametrionodels otthe form of the serial
correlation, itis inconsistent in that the limiting covariance estimate is marely
unbiased random variable, rather than a limit in probability.

It may be seen that the KVB estimat®superior tAAR(p) in terms of 95% CI
coveragen the simulated examplésr values off greater than approximately 0.65, but

thateven in this rage it is dominated by MR]. KVB is dominatecevenby HAC for/
less than approximately 0.25.

In order tocloselycomparehe parametric MR(1goveragesvith those of the
consistent MRY{) estimatesFigures13- 16 contain botlsets of curves, along with
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AR(1), AR(p) andOLS. As expected, MRY) and AR() are somewhat outperformed by
MR(1) and AR(1), respectively, because they are not restricted to the true bacttice
unknown)AR(1) DGP. Presumably they alsoveaa similar reduction in power,
although the present paper does not attempt to evaluate.power

Coverage of 95% CI trendline slope, n =100

percent

true ¢

Figure 15
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Coverage of 95% CI trendline slope, n =100
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Figure 16

In order to mak a faier comparison of the NW approach to the other covariance
estimatordy abstracting from its heteroskedasticity adjustment, we defindN¥WeACo
(for Autocorrelation Corrected) estimaimply by replacindheeg in (24) with their

average values, | /(n- i - j|) In other words,

€ = (X X) XS X (X X) (42)
where 5

% = (K(li- jDs, An-fi- i)
(Compare equatior2f).) Coverages based on this coeace matrix are identified as
ANWACO i nl5-A6. duexpeded, NW HAC with its hetennecessary

heteroskedasticity adjustment is somewhat outperformédvid AC. Nevertheless,
MR(p) clearly outperforms ARY), which in turn outperforms NW AC.

Although the present paper focusses orptitaary problem of serial correlation
underhomogkedasticity, anaturalWhite (1980)/NWtype adjustment for regressor
conditional heteroskedasticityould be in the case of stationaritgimplyto replace

K(li jl) in (24) with & /(s, /(n- i - [)). In other words,
EMRHAC - (X-X)—lx-FMRHACX(x-X)—l
where
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FUee = (ge @(n- fi- il)/s, ;)

It is not obvioudo meat present how to treat the unit root case, however.

Figurel7 shows the MRHAC coverage for the slope coefficient in our trendline
regression examplgersus MR(p), NWHAC, and OLS. Forrtie values of greater
than 0.6, unit root point estimates were occasionally obtaseetthat MRHAC could not
be computed for all 10,000 replications. Consequently, theHMR line is only plotted
uptos =0.6 As expectedVIR-HAC, with its unnecessg heteroskedasticity

adjustment, is outperformed by MR(p). Although it outperforms-NXAC for j > 0.25,
NW-HAC actually dominateMR-HAC below this value

Coverage of 95% CI trendline slope, n =100
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Figure 17

Although the MRp) estimator greatly improves the coage of 95% confidence
intervals based on the standard Student t critical valueswkithegrees of freedom,
estimation of the ARY) parameters introduces an element of uncertainty that is not taken
into account by this distribution, so that the truerthstion is in fact even more
leptokurtic. Many authors have suggested using a critical value based on the reduced
Aeffective degrees of freedomdoadgoygsd i ed

by

t
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increase the Student t critical vaftfeSuch an adjstmentmay be usefuin conjunction
with the MR () estimator, though the present papers makes no attempt to.do this

10. The MR(p) Unit Root Test

The MR(1) unit root test discussed in Section 7 above may easily be extended to
the MR(p) case as follasv First,estimatet?™ via (37). The sum of these coefficients

is &™ . Then,compute Moment Ratio estimatestié autoregressive coefficientsing
(40), butwith the restriction that their su&’Rv be unity. Convert the resulting restricted
standard coefficientd”® to ADF form (&R, &) using 85). Generate the desired

number of random samples with covariance determinefBy Integrate these to obtain
unit root regression errors, andastimate the equation with the constructed unit root

errors. With synthetic @ta set, re-estimate@™ and thence&"™ via (35). The

probability of obtaining a persistence as londgd" under the null of a unit root (and
with o = &R) is the estimated as the proportjgff of the £™ that are less thad™ .

Since the simulations to not require solvid@)(on each replication, 10,000 replications
takeless than 1.2 seconds in Matlab on an ordinary laptop.

In the MR(1) case of Section 7, the unit root test size is correct by construction, to
within Monte Carlo sampling error. In the MR(p) case, however, the test depends on

using R asa proxy ford, and therefore may have some size distortibims was
determined by constructing 10,000 trendline regressions with random walk errors and
conducting the unit root test described abaité 10,000 replications eh.

Figure18 plots the actual size versus the nominal size. The size distortion is
generally moderate, though there is some positive distortion in the rangd®. Table
1 tabulates selected values. Egample,if the nominal size is 5%, the test in fact
falsely rejects a unit root 6.0% of the time In order to obtain a true type | error of 5%, a
nominal size of 4.1% would have to be uséd.a 5%test size, the Monte Carlo
sampling standard error a@proximately 0.2%n bothp“® and the estimated actual size

“Bartlett (1935) and Quenouille (1952) introduced the
only explicit about using it to increase the standard errors from their OLS values. The simple asymptotic

adjustment they proposed is still widely usedlimate science, and turns out to be remarkably close to the

exact AR(1) and MR(1) adjustments in the presence of moderate AR(1) serial correlation on thejorder of

= 0.3, as shown by McCulloch (2009).
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MEp Unit Hoot Test Size Distortion. DGR =(1000)

025k oen. ........... ........... ........... A
Actual : : :
02k - Mominal |..... .......... y . ........... L i

IR . ........... ........ ........... ........... ...........

Actual size

04k ........ o, ........... ........... .......... 4

oosk----- OTEPIEE ........... ........... ........... .......... i

|:IIII 0.05 0.1 0.15 0.2 0.25 0.3

Mominal size

Figure 18

Table 1

Nominal versus Actual Unit Root Test Size

Nominal Actual s.e.
.200 201 .004
.100 .104 .003
.050 .060 .002
.010 .015 .001
.198 .200 .004
.089 .100 .003
.041 .050 .002
.006 .010 .001

Figure19 shows the coverage of a 95% confidence interval for the slope
coefficient in our illustrative trendline regressj@ the topvhen a unitoot is imposed
(in blue)andat the bottonwhen the MRY)) standard errors are always used (in dark
yellow), as a function of the true AR(1) paramgteaf the error DGP, along with
horizontal black line indicatinthe 95% ideal valueAlways imposing aunit rootleads
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to a N95% Cl o0 that includes the jfis@% val

or higher, and therefore is ordinarily far too conservative a strategy.

Coverage of 95% CI for trendline slape: Impose Unit Root
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Figure 19

The intermediate lines in Figul® show the coverage when imposing a unit root
is made conditional on the unit root test reptft (ignoring the small size distortion)f
a unit root is imposed whever it cannot be rejected at the 1% level (greea)lithere is
goodimprovement in coverage betweerr 0.5 and 0.8. However, for higher values of
/ thisis far too conservativevith a coverage of 99.4% at= 0.95 If it is imposed
whenever it cannot be rejected at the 20% or 30% level (cyan andtadges), there is
some improvement but the distortion is never fully corrected. But if the unit root is
imposed whenever it cannot be rejected at the 5% level (red line), there is sometimes
undercorrection and sometimes overcorrection, with a gooddmltzetween the two:
The actual coverage never falls beloiw®%6 (at; = 0.7)and never rises above.266 (at
J =0.95).

Although these results are specifiaiie case considered thfe 95% confidence
interval for the slope coefficient ofteendline regressiomwith anAR(1) errorDGP and
sample sizen = 10Q they tentatively suggest that a rule of imposing a unit root whenever
it cannot be rejected at the 5% level witlf provides a good balance of undand over
correction. However, this rule des have the unattractive feature of suddenly switching
formulas, with dramatic effects on the resulsitureresearctwill consider the strategy

ue
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of insteadcontinuously blending the MRY and Unit Root covariances matricegh the
following convex comimation of the two:

ch = (1_ pUR MR 4 pURCUR
11. Demandfor Net Base Money

Theenormous increase the quantity of Monetary Base supplied by the Federal
Reserve Systelnetween 2008 and 20hiakes it important to understand the demand for
Base Money.However, his explosiorwas accompanied by the payment of interest by
the Fed on bank reserve depqststhorized for the first time by the TARP Act of
October 2008 Prior to that date, banks held only a minuscule inventory of excess
reservesbecauseheyeffectively cost them foregone interest at the Federal Funds rate.
Since then, however, the Fed pays them a small premium over the Fed Funds rate on
eXxcess reserves, so tlexcess reserve® longer have an opportunity cost, and therefore
no inflationary wealth #ect (Johnson 1689).'°

This means that the Fed, in addition to acting as a traditional central bank that
creates potentially inflationary currency and required reserves, is also acting as a
financial intermediary that borrows money at cetip/e interest rates from banks, and
then invests these funds in a portfolio of loan assets, now primarily mottgaged
securities, Fannie Mae and Freddie Mac bonds, and US Treasury bonds and bills.
Although this position exposes the Fed to both alefésk and to interestate risk that
may have future inflationary implications, for the moment the Fed is perhaps best viewed
as operating gigantictraditional Savings and Loan Association in addition to acting as a
traditionalcentral bank?®

Figure 20 shows the full monetary base, along withat we calthe NetBase,.e.
thefull baseminusinterest bearing excess reserves since October ZDOS third line
shows curency in circulation. Since required reserves are only a small portietof
Base and excess reserves were minuscule prior to September 2008, Net Base behaves
very much like currency.

5 In fact, the Fed now pays banks interest othlvequired and excess reserves. However, required
reserves are at present only a tiny portion of the net base, so their treatment does not affect our results
significantly.

18 Since many of these assets are probably worth far less than their baek valin  ts bagance shelet)

the Feds in effect operating a huge dffidget TARP program in addition to thes&o roles.
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honetary Base with Base Met of interest-bearing excess resenes
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Figure 20

It is assumed that obsedlog realNet Basebalancedog m equal desired real
Net Basebalances plus an errarthat may be serially correlated. Desired idet Base
balances are assumeddepend on real incomgandshorttermnominal interest rates
R, with a constanteal income elasticitg, and a constant interest semielastibity

logm=c+alogy;+bR + a. (43

Inventory models of money demand predict thheésin the rangeX/3, 1), and thab is
negative. The regresors are assumed for the purposes of the present study to be
exogenous and thus independent of the errors, though it may be appropriate to revisit this
assumption in future workas emphasized by Cooley and LeRoy (1981).

For this equation, the nominése is the seasonally adjusted Board of Governors
Monetary Base, adjusted for changes in reserve requireiientss isreduced by
Excess Reservester October 2008 anddeflated by the seasonally adjusted cktgiye
GDP Deflator'® Real income iseasaally adjusted real GD® The nominal interest

7 St Louis Fed FRED data base monthly series BOGAMGSL aggregated to quarterly averages.

18 FRED series EXCRESNS, aggregated to tprraverages. This series is not seasonally adjusted, but
there has been little experience with its seasonality since its enormous growth beginning in 2008. Excess
reserves already surged in Sept. 2008, but this is counted as Net Base since thenpauthemization for
interest payments did not come until Oct. 3, 2008 with the signing of the TARP bill. The illustrated
Currency series is Fred series CURRSL.

' FRED series GDPCTPI.
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rate is the 3nonth Treasury bill rate, ipercent per annufit All series are available
from 1959Q1 through 2011Q1, far= 209 quarterly observations

All variables are takeas deviations frortheir teminal 2011Q2 values so that
the the intercept will indicate the estimated excess demand for Real Net Base balances at
the end of the regression period, or equivalently, its negative will indicate the terminal
excess supply of Real Net Badéigure21 shows actual log Re&let Basealong with
the fitted log demand for Rebllet Base. Table 2 gives th©LS regressiorcoefficients

0.2

-0.4
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-0.8

-1.2

Matural logs, all variahles O in last period

-1.4

-1.6

Actual and predicted Met Monetary Base
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i 1 1 | |
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Figure 21

Log Real Monetary Bas@et of interesbearing excess reservesid estimated log
demand for redNet Base All variables normalized to O in last quarter.

% FRED series GDPC96.
2 Secondary market, FRED monthly series W88 not seasonally adjusted, aggregated to quarterly

averages.
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Table 2

logm=c+alogy:+bR +@q

m = realNet Monetary Base

y; = real GDP
R = 3-month Treasury bill interest rate
All variables normalized to 0O in final quarter

1959Q1i 2011Q1(n =209)

DW =0.154 (p=9.4310%)

Standard errors
coef OLS est. (t-statistics)

OoLS HAC(4) AR(4) MR(4)

Cc -0.0632 0.01D 0.0209 0.0375 0.0517
(-5.26) (-3.03) (-1.69) (-1.22)

a 0.8598 0.0111 0.0215 0.0361 0.0503
(77.30) (39.93) (23.82) (17.08)

b -0.0391 0.0018 0.0040 0.0051 0.0071
(-21.37) (-9.78) (-7.40) (-5.54)

The coefficientsa andb have the predicted signs, and appear from the OLS
standard errors to be highly significant, wift>|21 in both cases. However, the Durbin
Watson statistic of 0.154 soundly rejects the assumption behind the OLS standard errors
of zero serial correlation, with= 9.4 10222

The popular Neweyest HAC standard erroshown in the next column of
Table 2are74 to 122% greater thahe OLS standard erronshena bandwidth om=4
is employedas determined b§26). Although these standard errors are consistent, in
finite samples they are triply biased downwasnoted in Section 4 above, dehce
still give pronounced size distortion, dsmonstrateth the simulationgbove.

Table 3 below shows the autocorrelation coefficients the residuals for the
lags 1 througlp = 4. These 4 lags embody thdgocorrelationinformation that isised

by the HAC estimator when its bandwidthis 4. The next column giv¢F:]MM , the

Method ofMomentsautoregressive parametstimateslerived fromthe Yule Walker
eguations, when the observed resldudocorrelations ardirectly used as proxies for the
unobserved error autocorrelatioriBhese exhibit substantial deviation from AR(1)

behavior, but the total persistenge 0.895 is not much different than the valueof

0.913 that iobtained wih p = 1. The standard errors in Table 2 identified as AR(4) were
obtainedwith these parameter estimat&ébese standard errors ameother28 to 79%
largerthan the HAC standard errodepending on the coefficierdut are still biased
downwards becaugbe residual autocorrelations generally show less persistence than the
true autoregressive process.

Table 3

% Obtained using Matlab functicdwtest
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Residual autocorrelations and Method of Moments versus Moment Ratio
autoregressive coefficient estimates.

|agJ ri /EV\M /E\AR /EJR

0.913 1.117 1.159 1.189
0.808 -0.393 -0.433 -0.452
0.735 0.405 0.453 0.528
0.639 -0.235 -0.251 -0.265
0.895 0.927 1.000

V| BWN -

Thethird column in Table 3 give the Moment Ratio autoregressoefficients
/E,MR, found by 40). Because a unit root is not presinthe estimated coefficients

(&R =0.927<1), the match is in fact exact, to within numerical accuracy. As expected,
there is more total first order persistence than with the Method of Moments estimates,
with the result that the Moment Ratio standard errors in the last column of Tatale 2
another 38 to 39% greater than the Method of Moments AR(4) standard errors.

Despte the great increase in standard ermangn the Moment Ratio covariance
matrix is used, the real income elastictyemains highly significant. Scale economies
are weak but preserd € 0.80< 1), and remain significantly different from unity even
with the Moment Ratio standard errors (t = 2.78). The interestalasticityb is not as
strong as the income elasticity, but remains highly significant even with the Moment
Ratio standard errors (t-5.54).

Because all variables were taken as denatfrom their terminal 2011Q1 values,
the intercept tells us the log of the estimated demand for net base in the last period,
relative to the actual value, so that its negative tells us the estimated excess supply of net
base in the final periodAlthough thisexcess supplis a positive .0632 or 6.32%, its
Moment Ratio standard error is .0517 or 5.17%, so that there is too much uncertainty in
our neafunit-root net base demand function to say that even this large figure is
significantly positive.

Thelast column of Table 3 gives the autoregressive parameters estimated with
(40), subject to a unit root restrictiotdsing these values to generate simulated errors,
the MR() unit root test cannot reject a unit root atevhe 10% level {{ = 0.117).
Table 4 therefore provides standard errors imposing this unjtbotbt unconditionally
and conditional on the last error being 0
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Table 4
logm=c+alogy:tbR + &
m = real Monetary Base
y: = real GDP
R; = 3-month Treasury bill interest rate
All variables normalized to 0 in final quarter
1959Q1i 2011Q1(n =209)
Unit root imposed:

coefficient | Unconditional e=0 e, =0

c o 0.426 under
(0.000) (-0.148) construction
a 0.284 0.284 0.284
(3.022 (3.022) (3.022)
b 0.0190 0.0190  0.190

(-2.060) (-2.060) (-2.060)

The standard errors on the slope coefficients a and b are the same in both cases.
The standard error on the income elastiaitycreases by63% above its MR(p) level,
while that on the intest semielasticitp increases b{68%. Despite these huge
increases, both remain significant at at
relationship betweem, y andR is not spurious, even if a unit root is present in the errors.

With a unt root in the errors, the unconditional standard error of the intercept c is
infinite, simply because of the infinite unconditional variance of a unit root process.
However, the standard error conditional on any particular value of the error process being
taken as 0 is finiteThe last column of Table 4 gives the standard error of the intercept
conditional ongy = 0. A more relevant reference point would &e= 0, but this
computation is still under construction.

If the constant serrelasticity functonal form may be extrapolated to anft
sample interest rates (admittedly a fif®), the negative reciprocal ofdlinterest rate
elasticity, -1/b = Rnax= 256%l/yr, is the interest ratand therefore roughly the inflation
rate anchetbase expansiontein excess of real growtat which real seigniorage is
maximized (Cagan 1956 Any seigniorage target above this rate is not consistent with
any finitefully anticipatedinflation rate, and hence leads eventually to runaway
hyperinflation as agents nee their inflationary expectations upwardhwut bound
under iterative learningMicCulloch 1982).

The maximum theoretically sustainable seigniorage with fully anticipated
inflation, with netbase demand and supjtyequilibrium and with no secular gngh in
real incomas thereforeappraximatelyRnaxexptl) = 94% of netbasedemand or about
Smax= (-094)(exp(.0632))$1015.7 billion) = $9Million (2011 dollars)per yeaiin
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2011Q1 Three percent annual secular growth in real income zetdsnflation
seignioragdrom net base creatiasf approximately.03)(.8598)(exp(0632))($1015.7
billion) = $25 billion per year to this figure, for a potential total of approximately $115
billion (2011 dollars) per year without hyperinflation

Although the incrase in the total monetary base betwéeme 201@&ndJune
2011was $647.4 billion, most of this can optimistically be interpreted as financial
intermediatiorfunded with interesbearing excess reserveghe net base increased by
Aonl yo $ 9 Bhsfigurdsudgdstthat the US may experienaecelerating
inflation in the near futurebutit is still short of the $115 billioper yearsustained
seigniorage required for a complete meltdov@ne factor that has perhaps mitigated
inflation is that nonmal base growth was very low between 2006 and 2008.

The estimates afetbase demanith this sectiorare merely designed to illustrate
the Moment Ratio approach to estimating autoregressive coefficients. They tell us
nothing about the important dymés by which the price level adjusts to clear any excess
supply or demand faretbase money, nor by whigtetbase demand adjusts tolrea
income and/or interest rateAs suggested by Mizon (29), adding lags of both the
dependent and independent vhlés to obtain a general dynamic model may be
preferable to justnechanicallyadjusting the standard errors for serial correlation. See
also Choi, Hu and Ogak2008).

Adding lagged dependent variabkesa regression is equivalent to estimating an
aubregressione x cept that the Aintercept, o instead
exogenous regressors. Perhaps in the future, the Moment Ratio concept can be extended
to the estimation of regressions with lagged dependent variables.

Examinatio of theinnovations computed from the regression residuals shows
that theyexhibit severevolatility clusteringthat violate our assumption that the
innovations are i.i.dThe largest innovations occduring 19801983, a secondary
cluster during 1971974, and a third cluster 20a811%° It may therefore be
appropriate to incorporate a GAR@#¥pe adjustment into the moddHowever, such an
adjustment goes far beyond the scope of the present pApeMR-HAC estimator
propod above takes regressmnditional heteoskedasticity into account, but not the
more importansequentiallycontingent heteroskedasticity of volatility clustering.

12. Conclusiorns

The propose#loment Ratio Estimatdior the autoregressive parameters of the
errors in an OLS regssion is computed from the conventional residual autocorrelation
coefficients, but greatly reduces their bias, and prowdefficient confidence intervals
with far lesssize distortiorthan alternatives. The estimator is in the spirit of the Median

% The Carter Credit Controls of 1980 Q2 caused an extreme movemedilinates relative to the prime
rate that r esul tisthat gunartethatperliags sHoad bg dumriiedrout. oButdolatility
was extreme during 19888 even without this incident.

(



44

Unbiased estimator of Andrews (1993) and McCulloch (2008), but does not rdwiire
Monte Carlo simulation, and provides smaller standard error bias in the illustrated case.

The presence of a unit root in the errors, and therefore the absence of a
cointegating relationship, does require reposing the problem, but does not by itself
indicate that an OLS correlation between the variables is spurious.

The Moment Ratio estimator is applied tdeanand functiorior Net Monetary
Base The Moment Ratio autegressive coefficient estimate is quite close to uaitg, a
unit root in the errors cannot be rejecteldowever,both the income elasticity and
interest semelasticity remain significant in the base demand equation, even when a unit
root is imposed.

Despite their consistencthe populaHAC standard errorsf Newey and West
(1987)can greatly overstate the precision of OLS coefficient estimates with sample sizes
and serial correlation commonly found in economic studidthough the regresser
conditional heteroskedasticity targeted by the Newégst HAC estimator is not
typically as serious a problem in ec-onometr.
HACO procedure is proposed that incorporates
subgantial cost in terms of sizestiortion to employing it when errors are independent of
the regressors.
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Computational Appendix

(Under construction)

Graphical Appendix

The following page shws first, the correlation matriR for n = 100 angl = .98,
and second, the matri¥/, that replaces it in the unit root cgse 1.

The next page showiist, the covariance matriXRZ of demeaned errors with
= .98 and unit error variancehereZ is the mearremoving matrixdefined in 83).
Notice that the residuals all have variatess than (+¥k)/n, and are heteroskedastic.
Because the variance of the residua highest for the two ends of the sequence, and the
covariance is negative from one end of the sequence to the other, there will be a tendency
for a spurious upor downtrend to appear to be present in deeneanedata. This may
easily appear to be significant using OLS standard etvat$/R-corrected standd
errorswill give correct size

The second image on that page is the covariance nZafpZ of demeaned
errors with/ = 1, and unit innovation variance. Apart from the different convention
regarding vertical scale, the two images are almost indissingile. Although it is
evident fromW, which error it conditions on, the properties of the demeaned errors do
not depend on this choice.

Thethird pageshows the covariance matrix for detrended residuals Wwith 98
andf =1, i.e.MRM andMW oM, whereM is computedrom the trend line regressor
matrix X = [ones,1) (1:n) i MATLAB notation). Again, the two matrices are
almost indistinguishable apart from vertical scale convention, and the second covariance
matrix does not depend on the chaa&V,.
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