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Abstract

This paper considers the censored regression model under the assumption that the
regressors are integrated. We show that Maximum Likelihood estimation is supercon-
sistent and asymptotically mixed normal, implying that standard inference techniques
remain valid, and that in general least squares estimation based on the positive obser-
vations only is superconsistent, but not mixed normal. An exception to this is the case
of a single integrated regressor; in that case, least squares on the positive observations
will be asymptotically mixed normal and asymptotically equivalent to the Tobit Max-
imum Likelihood estimator. We also derive a test for the null of Tobit cointegration,
and apply this test to price floors of agricultural commodities.

1 Introduction

There has been a substantial amount of recent econometric work on the estimation of non-
linear models with integrated regressors and on nonlinear functions of integrated regressors.
Park and Phillips (1999) derived the asymptotic theory for averages of nonlinear functions
of integrated processes. Based on this work, Park and Phillips (2000) analyzed the binary
choice model in the presence of integrated regressors, and Park and Phillips (2001) analyzed
nonlinear least squares with integrated regressors. This paper analyzes the Tobit model
when regressors are integrated.

The likelihood function of the Tobit model is nonlinear, and results from the literature of
estimation in the presence of integrated processes are not able to deal with the Tobit model
directly. Also, trying to follow the line of proof of Park and Phillips (2000) and Park and
Phillips (2001) for dealing with the Tobit model is not feasible. Because an orthogonality
condition in the quadratic variation process fails to hold (see Park and Phillips (2000, p.
1272, Equation (29)), we were unable to use an analogue of the approach of Park and
Phillips (2000) for deriving the asymptotics for the nonstationary Tobit model, and instead
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we have used a different analytical approach that completely avoids the use of stochastic
calculus. For the derivation of our mixed normality result, we apply a central limit theorem
type result from Hall and Heyde (1980). While this approach works well in our setting, it
does force us to make a stronger exogeneity assumption. Also, an important tool used is an
approach suggested by Potscher (2004) to calculate bounds for the expectation of averages
of functions of integrated processes.

We will show in this paper that Maximum Likelihood (ML) estimation of the Tobit model
in the presence of integrated regressors is superconsistent and asymptotically mixed normal.
This implies validity of standard inference procedures, such as ¢ statistics and F' tests.
Therefore, the asymptotic behavior of the Tobit ML estimator is in this respect reminiscent
of that of the least squares estimator in a cointegrating regression under exogeneity and
uncorrelatedness assumptions. In addition, it will be shown that the Ordinary Least Squares
(OLS) estimator of the nonstationary Tobit model using only the positive observations is
also superconsistent, but not mixed normal in general, which implies that standard inference
techniques based on OLS are not correct in general, even under assumptions of exogeneity and
uncorrelated errors. As in the stationary case, OLS on all observations remains inconsistent.

An interesting result that does not appears to have parallels elsewhere is that if OLS is
applied to the positive observations in the case of a one-dimensional regressor, we do obtain
mixed normality. Therefore, OLS on the positive observations yields incorrect asymptotic
inference, except for the case when the regressor is one-dimensional. This opens up the
possibility to derive a residual-based test for the null of Tobit cointegration when there is a
single regressor. We do so by amending the cointegration test of Shin (1994) with a Tobit
adjustment, and we tabulate the critical values of the resulting test statistic. We apply the
test in price dynamics of dairy products where there are binding price floors.

The first full treatment of the asymptotic theory for the Tobit model in the case of i.i.d.
data appears to be Amemiya (1973). Using standard minimization theory for dependent
variables, these results can be extended to cover the case of data that have fading memory
properties.

The literature on estimation in the presence of nonlinear functions of integrated processes
is rapidly growing. In our context, it may be useful to note that Park and Phillips (2000)
and Park and Phillips (2001) make assumptions of exogeneity and uncorrelatedness, which
leads to mixed normality and therefore the validity of standard inference. We will follow this
type of approach in this paper. Recently, Park and Shintani (2005), Chang and Park (2004),
de Jong (2002) and de Jong, Wang and Bae (2005) have considered dynamic OLS and fully
modified type approaches to deal with possible issues of correlation and endogeneity, but
we will not pursue this in this paper, because the structure of the Tobit model does not
seem to allow for such extensions without additional analytical complications and because
the present analysis is already far from straightforward.

Section 2 of this paper will consider Maximum Likelihood estimation of the Tobit model.
Section 3 considers OLS estimation of the Tobit model. Section 4 contains our simulations,
and an empirical application is given in Section 5. Section 6 concludes. Appendix A gives
some useful lemmas and the proofs of the main results are given in Appendix B.



2 The model and ML estimation

2.1 The model

We consider the regression model given by

yi =00 +¢&, for t=1,....T (1)
and
| yi when y; >0,
o _{ 0 otherwise 2)
where ¢; is assumed to be i.i.d. N(0,02) conditional on xy,...,zy. We will consider Max-

imum Likelihood (ML) estimation of the parameter 6y = (3, 03)" under the assumption of
error normality.

As in Park and Phillips (2000), we make the following assumption on the data generating
process of x,. Below, we define | X| = (tr(X’X))"2.

Assumption 1 Let x; = x;_1 + v; with xqg = 0 and where
v =T(L)e, = Y The,s, (3)
i=0

(1) nonsingular and |II;| < Ci~27" for some C > 0 and n > 0. The innovations e; are
itd with mean zero and Ele,|” < oo for some r > 4, have a distribution that is absolutely
continuous with respect to Lebesque measure, and have characteristic function ¢(t) which
satisfies limpy .o [t|*p(t) = 0 for some xk > 1.

Assumption 2 ¢, is i.i.d. and &;|xq, ..., x7 is distributed N(0,03).

Our assumption on the parameter space is the following.

Assumption 3 © = B x X is compact, y € int(B) and o2 € int(2), and o, = inf ¥ > 0.

Assumption 1 implies that x, is a multivariate I(1) process without cointegrating relation-
ships that satisfies T-1/?x,7) = V/(r), where V (r) is a multivariate rescaled Brownian motion
process. Here and elsewhere in this paper, “=" denotes weak convergence. We strength-
ened Park and Phillips’ (2000) moment condition on e; to finiteness of a fourth moment. In
addition, we strengthened Park and Phillips’ (2000) assumption on the characteristic func-
tion. As our assumption stands here, the existence of a uniformly density function f;(-) of
t~12z, is implied for t > 1, because x > 1 by assumption. This assumption can be relaxed
to k > 0, at the expense of additional complications; Pétscher (2004) documents that this
latter assumption implies the existence of a uniformly bounded density from some value of
t onwards, and his treatment of such a situation should also apply to our setting.



As in Park and Phillips (2000), we rotate the regressor space, and assume that Gy # 0
and use an orthogonal matrix A = (a;, Ay) with a; = £o/(353)"%. Let (a!,a?) = a = A'f
and define ag = (o}, a?’) = A’By. Then we can write (1) as

Yr = x;ﬁo + &t
= .%QAA/ﬁo + &

= (A'z)'A'By + &

= 100 + Thad + &, (4)
where

Alzy = (w14, 7%,)', xy=djz, and  xo = Abwy, (5)

ap = aifo = (Byt)'"* and  af = Ay = 0. (6)

Accordingly, we now define
Vi=a\V and V,= AV, (7)

which are Brownian motions of dimensions 1 and (m — 1), respectively.

2.2 Preliminary results regarding ML estimation

The likelihood, the scores and the Hessians are given in Amemiya (1973), and can be written
as

log L (6 Zlog (1 — ®(x}3/0))1(x,5o + & < 0)
T
—(1/2)(log(270?) Zl zfo + €1 > 0)
t=1

T
—(1/2)07> (g — 218)°1(x} B + & > 0), 8)
t=1

and St (0) = (Ss(0)’, Sy2(0))" where

T
Sp(0) = (0log Ly(0)/03) = 1Z¢ w8/0)(1 = ®(x;8/0)) " a1 (260 + & < 0)
T
+072Y (g — 2B) (7 By + & > 0), (9)

t=1



So2(6) = (9log Lz () /00?)

= (1/2)0~° me #B/o)(1 — ®(xB/a)) 1z} 5 + &, < 0)

T

T
—(1/2)07> 1(@}fo + 20 > 0) + (1/2)0 > (e — 218)°1(w}Bo + & > 0), (10)
t=1

t=1

Hyp(0) Hyop(0)
0= 200y i) ) )

where

T
H/gﬁ/(e) = (82 log LT(Q)/ﬁﬁﬁﬁ’) = —O'_2 Zgl(ﬂﬁ;ﬁ/d)l(l’;ﬂo 4+ < O).ﬁlﬁtﬂfg
t=1

T
—0? Za:txgl(xiﬁg +e > 0), (12)

t=1

T
Hyz(60) = (0 log Ly(0)/0008) = ~0* > ga(w}8/0)x L ()0 + & < 0)

t=1
T

—o? Z(yt — 2,8)x,1(z,00 + & > 0), (13)

t=1

and

Hy2q2(0) = (0% log Lr(0)/0(0*)*)

T
=0 Zggxtﬁ/o 1(zi00 + e < 0) + 1/20421xtﬁo+6t>0
t=1

—o " Z — 2,8)%1(z} By + & > 0), (14)
where
g1(y) = o)1 — @) [¢(y) — (1 = (y))y], (15)
92(y) = (1/2)(y) (1 — (1)) 2[(1 — D(y))y* — (1 — B(y)) — yo(y)], (16)
and
g3(y) = (1/9)(y) (1 — ®(y) 2[(1 — (y))y® — 3(1 — (y))y — y>o(y)].- (17)

The following result will help us simplifying the analysis of the Hessian matrix.
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Lemma 1 Let Assumptions 1 and 2 hold. Let g(-) be a function such that

/ oW1 — 3(y))dy < oo. (18)

o0

Let x5, denote the k-times tensor product of xop with itself. Then

T\ ”/2|Zg 1) 1(2) 5o + &0 < 0)afy,| - 0. (19)

With some computations, we can verify that the nonlinear functions in all three Hessians
(i.e. g1(+), go(+) and g3(+)) satisfy the property of g(-) in Lemma 1. Therefore, the inte-
grability condition of Lemma 1 holds, and we can show the asymptotic negligibility of the
corresponding terms in the Hessian, and the limit result for the Hessian then easily follows.

Lemma 2 below provides limit results for sample moments and covariance functions and
assists in analyzing the asymptotic behavior of the score function and Hessian.

Lemma 2 Let Assumption 1 hold. Then as T — oo,
(a) T71 20, @(an) = [y 1(Va(r) > 0)dr,

(b) T3S, @(an)en == [y 1(VA(r) > O)Vi(r)dr,

() T2 320, @(an)ad, == [y 1(Vi(r) > 0)Vi(r)2dr,

(d) T3 S0, ®(@n)wa == [y L(VA(r) > 0)Va(r)Va(r)'dr,

(e) T2, ®(wn) ol < fo Vi(r) > 0)Va(r)Va(r) dr,

and

(f) 772 ZtT:l (T16)T 162 < fo (Vi(r) > 0)Vi(r)Va(r)dr.

2.3 Main Results

Let O = ((},62) be the ML estimator of 6y = (3}, 02). As usual in ML limit theory, the
asymptotic distribution of 67 will be obtained from the expansion

0= Sp(07) = Sr(6y) + Hr(67) (07 — 6,), (20)

D e Y (), e

or in partitioned form,

I
N
e
=
D
~_

I
N
L&

S
~
_l_
N
3 3
)



where 0 is a mean value on the line segment between 67 and 6. Corresponding to the
rotation in the regressors and parameters, define

G:(g‘(l)). (22)

Pre-multiplying (20) by G’ and remembering that G'G = I gives
0 = G'Sr(0r) = G'Sr(60) + G'Hr(07)GG' (b7 — bo), (23)

and the asymptotic distribution for 67 — 6, will be derived from the above equation.
The limiting distribution of the Hessian and the score functions are given below by
Lemma 3 and Lemma 4 respectively.

Lemma 3 Let Assumptions 1 and 2 hold. Then

T_2A/H55/(90)A T_3/2A/H02/g/(90) d —Q 0
( T_3/2H02/6/(90)/A T_1H0202 (90) — 0 —(q ’ (24)

where

Q:(,_Q[ (00) Jo Vi(r)PL(Vi(r) > O)dr aé{oluvl(r)>o>v1<r>v2<r>'dr] 25)
" Lo [ 10A0) > VOVl [T LA() > O)Va(r)Va(r)dr

and
1
0= (125" [ 100) > o) (26)
0
Lemma 4 Under Assumptions 1 and 2,

(T7'85(00)' A, T~25,2(6y)) - MN (0, ( _OQ _Oq )) : (27)

jointly with the convergence in Lemma 3.

Notice that the linear and nonlinear components are of the same order in the score
functions, but that they are of different orders in the Hessian. Lemma 3 establishes that the
nonlinear components are of smaller order, and are dominated in the Hessian by the linear
components. The asymptotics of the linear components are then derived using Lemma 2.

We can now establish an order result for our ML estimator:

Lemma 5 Under Assumptions 1, 2 and 3, A'T(Bp— (o) = O,(1) and TV?(62—02) = O,(1).

Hence the ML estimator of 3 is superconsistent, which is similar to the superconsistency of
the least squares estimator in a linear cointegration regression. With the above lemmas we
can further show asymptotic normality of the ML estimators, which is our main result:
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Theorem 1 Under Assumptions 1, 2 and 3, there exists a sequence of ML estimators for
which ap - ay and 62 = o} and

TA (Br — fo) = T(ar — ag) - MN(0,Q7"), (28)

and
TV2(63 — 02) < MN(0,1/q). (29)
Since the estimator is asymptotically mixed normal, the above result implies that stan-

dard t-tests and F'-tests are asymptotically valid. This is the same conclusion as reached in
Park and Phillips (2000).

3 The OLS estimator

It is well known that the OLS estimation of a stationary Tobit model is inconsistent. When
the regressors are unit root nonstationary, we find that the OLS estimator is superconsistent.
Let 3255 denote the OLS estimator of 3 that uses the positive observations only,

T
LS = Z zeay1(2y B0 + e > 0)) 7 Z zeye (2,00 + ¢ > 0). (30)
=1 =1
JOLS can be rewritten as
TA (B2~ ) ZA’a:t (A'z)1(2)Bo e, > 0)) T~ ZA zie (@) Bo e, > 0).(31)
=1
Define
T
Br = ZA 2(A'zy) Ly o + &0 > 0)) Z "wi006(0g  Gyti)- (32)
Theorem 2 Under Assumption 1, 2 and 3,
TA (B9 — By) — By -2 MN(0,Q ). (33)

The proof is straightforward (hence omitted) since the numerator in By is asymptotically
equivalent to the nonlinear term in Sg(#), which is the difference between the OLS and ML
estimators. Notice that the numerator of By can be written as

T

_ _ Tt ZTf T140 ¢(U_1a11‘ ) O (T—1/2)
1 ! 1 _ t=1 +~1tY0 0 o1t . D
;Axta(ﬂﬁ(ao Bory) = T poad(oriaten) | 0,(1) . (34)



by Lemma 2 in Park and Phillips (2000). Therefore, asymptotically the bias of the OLS
estimator comes from the direction that is orthogonal to the true parameters.

The above result implies that standard inference based on the OLS estimator is not valid
in general. However, one special case that is of interest is when x; is one-dimensional. For
one-dimensional x;, OLS estimation is asymptotically mixed normal, implying that stan-
dard t- and F-test procedures are asymptotically valid. This is because in the case of
one-dimensional z; the second vector element on the right-hand of Equation (34) disappears
and Br becomes asymptotically negligible. Therefore in this case, the OLS estimator is in
fact asymptotically equivalent to the ML estimator and the difference is of order Op(T_l/ 2).

4 Simulation results

In this section, we report some simulation results of the finite sample performance of the ML
estimator and the OLS estimator based on positive observations. The exogenous covariates
are generated by a bivariate vector autoregression of the form

Tig = Tjg—1 + vy, =12 (35)

with v; = (vy4,v9) 1.i.d. and N(0,I3). The two regression coefficients are set as 35 = 1
and 32 = 0. The regression error is generated from a standard normal distribution. We
study both the ML estimator and the truncated OLS estimator. For the truncated OLS
estimator, we estimate the parameters only when there are at least 5 positive observations
of the dependent variables. The number of replications is 5000.
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Figure 1: Densities of ML estimators of 8; =1, 83 = 0 and 03 =1
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Figure 2: Densities of truncated OLS estimators of 8} =1, 82 =0 and 02 =1

Figure 1 and Figure 2 plot the densities of the ML and truncated OLS estimators re-
spectively for various sample sizes. It appears that the ML estimator is more efficient than
the truncated OLS estimator when there are more than one regressors. When there is one
regressor, these two estimators are asymptotically equivalent. Figure 3 plots the densities of
these two estimators in univariate Tobit models and they are very similar.

5 A test for Tobit cointegration with an empirical ap-
plication

When the nonstationary Tobit model is estimated in empirical applications, it is desirable
to have a valid test statistic of the null hypothesis that the error term is indeed stationary.
If the error term is nonstationary, the regression will be spurious and the inference results
derived in this paper will be invalid. In this section, we derive a consistent test for the null
of Tobit cointegration and we apply the test to an empirical study of the dairy market.

In linear regressions a widely used cointegration test is Shin’s test; see Shin (1994). The
null hypothesis of the test is cointegration, and the alternative is a spurious regression. The
Shin test procedure consists of computing the KPSS statistic on the regression residuals,
and using the appropriate critical values, which are different from those used for the KPSS
test applied to a regular series. In this paper, we propose a similar test in univariate cen-
sored regressions, and we employ a Tobit adjustment. Recall that when z; is a scalar, the
OLS estimator based on positive observations is asymptotically equivalent to the ML esti-
mator. Therefore the test can be conducted by running an OLS regression on the positive
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Figure 3: Densities of ML and truncated OLS estimators of 3 when Gy =1, 02 =1

observations and computing a “Tobit-adjusted” Shin statistic.
The Tobit-adjusted Shin statistic we consider is

1
6T2/ Gr(r)dr (36)
0
where
[rT) A A
Gr(r) =T ((yr — Bra) 1y > 0) — 67¢(Br, /o)) (37)
=1
and z; € R, g € R.
Our main result for this test statistic is as follows.
Theorem 3 Under Assumption 1, 2 and 3,
Gr(r) = G(r) (38)

for some process G(-) that is mized normal for any r € [0, 1].

The critical values of fol G(r)%dr/o2 can be tabulated, and they are given in Table 1.
These critical values were calculated by a simulation computer program based on 100,000,000
replications and n = 1000. Notice that the critical values are smaller than those for Shin’s
test for linear cointegration.

There are various possible applications of our nonstationary censored regression cointe-
gration test to prices and quantities for agricultural commodities, where the presence of price
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Table 1: Critical values of the Tobit-adjusted Shin’s cointegration test

Fractile Critical values

0.900 0.330
0.950 0.505
0.975 0.710
0.990 1.014

and /or quantity ceilings and price floors are common. Many agricultural products are pro-
tected with government support programs. For instance, the Milk Price Support Program
(MPSP) was established in 1949 to provide farmers a parity level of income. To do so, “the
MPSP purchases dairy products from processors and vendors to allow farmers to be paid the
mandated support price for their milk”!. Since 1981, the mandated support price has been
established by Congress either at specific price levels or by some formulas. The program has
been active till now and is authorized till 2007. Therefore, in the market for dairy products,
the observed price dynamics is subject to censoring, and the market prices are unobservable
when they are below the support prices.

Due to the censored nature of price data in markets with support prices, Tobit regression
seems to be an appropriate tool. However, in empirical work the possibility of nonstation-
arity of the data has been left undiscussed. For instance, Chavas and Kim (2004) uses a
multivariate dynamic Tobit model to study the price dynamics of three dairy products, using
inventory stocks as the exogenous explanatory variables. Both the prices and the inventory
stocks data show I(1) features, but Chavas and Kim’s paper treats the model as a stationary
nonlinear regression, without any unit root test or cointegration test.

Below we use similar dataset as in Chavas and Kim (2004) and test the null of Tobit
cointegration in dairy market. We consider the time period from 1991 to 2004, in monthly
frequency (making for a sample size of 168). We chose to analyze American cheese in this
paper because the support prices of cheese during these fourteen years have been almost
constant and only mildly changed between $1.10 and $1.14 per pound (for blocks of 40
pounds). The monthly average prices and support prices are plotted in Figure 4. It can
be seen that most of the time the market prices are above the support prices. The prices
dropped to the support prices in 16 months, about 10% of the time.

The inventory stocks data (the sum of government stocks and commercial stocks) is
plotted in Figure 5. Table 2 reports some unit root test statistics of the sequence. Both
ADF test and Phillips-Perron test cannot reject the null of unit root. The KPSS test rejects
the null of stationarity at 1% level. We use Schwarz information criterion in selecting number
of lags when we conduct the tests. We also try different numbers of lags and the conclusion

!Source: Fact Sheet of Milk Price Support Program of USDA, July 2004. The data of this paper are
also provided by USDA. The monthly prices are obtained from the Dairy Market News (USDA) and the
inventory stocks are provided by Economic Research Service (USDA).
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remain the same. This suggests that the data of inventory stocks is very likely to be unit root
nonstationary, and therefore that inference based on conventional stationary Tobit model
asymptotics is inappropriate.

Table 2: Unit root test statistics of the inventory stocks of American cheese

Test Statistic 1% c.v. 5% c.v. 10% c.v.
ADF t-test -1.034 -3.47 -2.88 -2.57
Phillips Perron t-test -1.40 -3.47 -2.88 -2.57
KPSS test 1.48 0.74 0.46 0.38

In this application, we will test whether the market prices and inventory stocks are
cointegrated. The model can be written as

p; = Bsi + ey (39)
and
| pi when p;>c,
pr = { ¢ otherwise (40)

where pf is the latent market prices, p; is observed prices, c is the support prices, and s; is
the inventory stocks. This is a general Tobit model where the threshold is not necessarily
zero. Our earlier results can be easily extended to incorporate this situation.

We first ran an OLS regression using the observations that were above the support price.
We then computed the Tobit-adjusted Shin statistic, which equaled 2.6185. Since this value
exceeded the critical value at the 1% level, we rejected the null of Tobit cointegration.
Therefore, we concluded that regression (39) between prices and stocks of American cheese
is spurious. Note though that in this application, the linear Shin test also rejected the null
of cointegration.

6 Conclusion

In this paper we consider Tobit models with integrated regressors. We study both the ML
estimator and the OLS estimator. Both estimators are superconsistent, and the ML estimator
is asymptotically mixed normal. When there is only one regressor, the OLS estimator based
on the positive observations is asymptotically equivalent to the ML estimator, and therefore
asymptotically mixed normal. However when there is more than one integrated regressor,
the OLS estimator is not asymptotically mixed normal, and standard testing procedures
become asymptotically invalid. We also derive a nonlinear Tobit cointegration test based on
the residuals from univariate LS censored regression.

The nonstationary Tobit model is potentially useful in time series settings where price
ceilings, price floors or other forms of government interventions occur. We apply our cointe-
gration test to prices of American cheese, and the test rejects the null of Tobit cointegration.
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A  Useful Lemmas and Proofs

The following result forms the basis of our mixed normality result:

Lemma A.1 Suppose that the probability space (Qr, Fr, Pr) supports the square-integrable
random variables Sti, ..., STy, and that the Sty are adapted to the sigma-fields Fr;, where
Fri € Fra € -+ C Frpp € Fr. Let Xpp = Sy — Sry1 (Sro = 0) and UZ; = Y1) X7,
If Gr is a sub-o-field of Fr, let Gry = Fry NV Gr (the o-field generated by Fry U Gr) and let
Gro = {Qr, ¢} denote the trivial o-field. Suppose further that

P . .
max | Xp¢| — 0, E(max X7,) is bounded in T,
1<t<T 1<t<T

and that there exist o-fields Gr C Fr and Gr-measurable random variables u?p such that

2 2 P
UT,kT —up — 0,

ZE(XTt|gT,t—1) - 0, and Z |E(XTt|gT,t—1)|2 0.
t t

Then Uz, ST r - N(0,1), and if U3, L2, SF r —L, Z, where the characteristic

function of the random variable Z satisfies E exp(irZ) = exp(—(1/2)n*r?).

Proof of Lemma A.1: See Hall and Heyde (1980, Theorem 3.4). O

1/2

The following result regarding the boundedness of the density of ¢~/“zy; will be used at

various locations in the proofs of this paper:

Lemma A.2 Under Assumption 1, the density f,(-) of t="/?x, satisfies SUDen yer ft(Y) < 00.

Proof of Lemma A.2: This follows from Section 3.1 in Potscher (2004). O

Lemma A.3 Assume that Assumption 1 holds and that H(-) is Borel measurable and sat-
isfies ffooo |H(y)|dy < oo and that Assumption 1 holds. Then

T

sup ET~1/2 Z |H (2;)] < o0.

T>1 —1
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Proof of Lemma A.3: Let ft() denote the density of t~*/2z,. Then

ET 1/2Z\H:ct1— WZ / H( )\ fi(y)dy
< sw fily WZM/ (v)ldy

teN,yeR
<C / y)|dy,
which proves the result. 0]

Lemma A.4 Under Assumption 1,

supT2E max |xt|4 < 00.
T>1 1=

Proof of Lemma A.4: By setting a, = |k + 1]7'|1log(]k| + 1)|7? in Equation (16.26) of
Lemma 16.8 of Davidson (1994), for some constant C,

T7°E max |z,[* < CT>(Y [k + 1P| log(|k| + 1) E[Yry|*)

1<t<T p
where
T T
Yri = Z(E(Ut|et—k> er—k—1,--.) — E(v]er—p_1,€1--2,...)) =11} Z et—k-
t=1 t=1

Since Ee} < co and e, is i.i.d., it follows that supy~, T-2E| 3"/, e,-4|* < co. Therefore, for
some constant C’,

E max |z,]! < C”Z ke + 1| log(|k| + 1)|°|TL,|*,

1<t<T
k=0

and because |II| < C"k=27" for some C” > 0 and 7 > 0, the last summation is finite. [

Lemma A.5 Assume that Assumption 1 holds and that Hy : R — R and Hy : R — R
are continuous, uniformly bounded, and measurable functions satisfying |Hy(y)| < Cly|P and
I P Ha(y)|dy < oc. Let e denote a deterministic sequence such that cp — 0 as T — oo.
Then

T

T2 "(Hi(xy + or) — Hy(x))Ha(z,) = 0.

t=1

17



Proof of Lemma A.5: By Lemma A.2,

T
ET~/? Z | Hy (2 + or) — Hi(z)||Ha(z:)]
t=1
<72 Z/ PPy + cr) — Hy(t"2y)|| Ho(£'2y)]| fi(y)dy,

and by substituting « = t'/2y, it follows that the last expression can be bounded by

WM|TWZﬂﬁ/mw+m (2] [Ha)
Y

Since supys, T-V2 301 #712 < oo and |H (z+er)| < C(|z|+suppsy |er|)? and [°° |y[P|Ha(y)|dy <
oo by assumption, by the bounded convergence theorem, the last expression converges to
zero, which proves the result. O

Lemma A.6 Assume that for all K > 0 and some function v(-) and G(-)
K
/ (T2 G(TY ) — H(z)|dz — 0
—K

and that the density fi(-) of t7/?yn satisfies sup,ey yer fi(y) < 0o. Also assume that g(-) is
continuous on R™ and that (T =Yy, pr, T-Y2ya ) = (Wi(r), Wa(r)). Then

T
Ty Glyn)g(T7 ZH T2y ) g(T )| 2 0.

t=1

Proof of Lemma A.6: First observe that

T T
AT TS " Glyn)g(T ™ Pya) = T Y H(T Py )g(T™ )|
t=1 t=1
T
< sup |g(T™Py)| T~ [W(TY?) ' Glyn) — H(T ™ yn)].
1<t<T —1
—1/2

Since sup;<;«p [T7y2| = Op(1) and because g(-) is continuous under the assumptions of
this lemma, it suffices to show that for all K > 0,

T
T EW(T?) 7 Glyn) — HTPya)[L(T P lya| < K) = o(1).

t=1

18



Because the density fi(-) of ¢7/%y, is well-defined and satisfies sup,ey yer fi(y) < oo by
assumption, setting z = T—1/2¢1/2y,

T
T EW(TY?) 7 Glyn) — HTPya) LT Plya| < K)

t=1

— 7" Z/ (TG 2y) — H(T™ 2 Py) | W(T 20 P y| < K) fuly)dy

< sup fi(y)sup(T I/QZt 1/2) / \v(TY*G(TY?z) — H(z)|dx — 0

teN,yeR TeN
by assumption. This completes the proof. 0
To study the asymptotic behavior of the Hessian, define
) T
Hpp(0y) = —05? Z L(zy 00 + &0 > 0)myas,
t=1
) T
HUQ/g/(Qo) = —0'0_4 Z {:‘t].(l';ﬁ() + & > O).Tt,
t=1
) T
H,2,2(0p) = (1/2) 00421 z B + e > 0) —0062631 zy 00 + € > 0),
t=1 t=1
and
Hﬁﬁ/(eo = —0'0 Z q) O'O ﬂoxt)xtxt,
t=1
T
Hy25(60) = =05 Y d(0g " Bon) e,
t=1
T
H,2p2(0p) = (1/2)0y* Z (o Blwy) —og? Z (05 Bhxs) — oy Bhxe) oy twriad).
t=1

The asymptotic equivalence of rescaled versions of the H..(-) to the H..(-) can now be
established:
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Lemma A.7 Let Assumption 1 and 2 hold. Then
T2 A'(Hgp (60) — Hpp (60))A = 0,
TP A (Hp2p(00) — Hyz(60)) = 0,

T~ (Hy202(00) — Ho22(00)) = 0,

and
T2 A'(Hgp (60) — Hp (60))A == 0,

T2 (3 (00) — Hya (60)) 20,

T~ Y(H,y2p2(00) — Hyzp2(60)) = 0.

Proof of Lemma A.7: The first step in this lemma consists of verifying the conditions of
Lemma 1, and the second step is a martingale difference result. To see that g;(-)(1 — ®(y)),
g2()(1—=(y)) and g3(-)(1 —P(y)) are absolutely integrable, note that this is straightforward
as y — —oo and @(y)(1 — ®(y)) ™' = O(y) as y — oo (see Park and Phillips (2000, p.1254)).
Therefore, for y large enough and some constant C', using the definitions of g;(-), go(+) and
gs(+) of Section 2.2,

191 ()]|(1 = @(y)) < Cyl(L —2(y))y — o(y)],

and the last function is clearly integrable. For go(-) and g3(+), a similar argument holds. To
show the second part of the lemma, note that since max;<;<r T~%|z;| = O,(1), it suffices
to consider for each K > 0 the truncated difference between Hgg (6y) and Hgg (6y), viz.

T
T7%05 Y (1,00 + & > 0) = D(Byze/00)) a1 (T2 |z,| < K).
t=1
The squared expectation of each element of the above matrix can be bounded by

T
T 207 K S B(L— @/ 00))® (B /00) < T3 K =0,

t=1

and an analogous proof is easily provided for both other terms. O

Lemma A.8 Let h(x) = (¢(x)/(1 — ®(x)))™x™ where m and n are positive integers. For
any € > 0, let

h(z) = sup sup |h(az +b)).

la—1|<e |b|<e

Then
/ h(z)(1 — ®(x))dr < .

o0
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Proof of Lemma A.8: First notice that the function is integrable for x < 0. Therefore
below we just consider integration over (0,00). Let & be an intermediate value between x
and (14 €)z +e. Then by the Taylor series expansion

/000 h(z)(1 — ®(z))dx
_ / " sup sup |h(x) + [mé(d)™ (1 — B() "D (@) (1 — @ (@)

la—1]<e |b|<e

—i()i“)Q(l —®(7))7%) - n¢(i20m(1 —®(z))""" Y ((a — Dz +0)/2|(1 — ®(x))dx
/0 |h(z)|(1 — ®(z))dx + /0 C[(1+¢e)x +e]™ " H(ze + &) (1 — ®(x))dx

IN

where C' is a constant larger than m 4 n. Clearly the first term is integrable; the second
term is integrable too since

/ (1 — ®(x))dr < o0
0
for any positive integer m. This finishes the proof. U

The following lemmas concern our Tobit cointegration test.

Lemma A.9 sup |Gy(r) — Hp(r)] -0,
rel0,1]

where Gp(r) is defined as in (37) and

[rT]

Hy(r) = (T7'2) " e1(z, > 0))

[rT] T

(T e d(z > 0) (T2 wd(z > 0))/(T>> 2i1(z, > 0).

t=1 t=1 t=1

Proof of Lemma A.9: From the reasoning at the end of the proof of Lemma 5, it follows
that

T
T2 3" |6rd(Bray/o1)) — oob(ori/o)| = 0,(1),
t=1

implying that we only need to show

[rT]
sup (T2 3 (> 0) = eug(fome/ o) = 1 > 0)] = oy(1).
rel0,1 =1
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T Zetxt (ze > 0) = 1(y > 0)) = 0,(1),

T
T2 a1z, > 0) = Ly, > 0)] = 0,(1),

t=1

and

T
T2 af|1(z; > 0) = 1(y, > 0)| = 0,(1).

t=1
The last two expressions converge to zero in probability if

T
T EJ1(z, > 0) = 1(y, > 0)]* — 0.

t=1
This follows because
T
T E1(z, > 0) — 1z, + foze > 0)]
t=1

=71 Z(El(xt > 0) — 2E1(zy > 0)®(Boxi/00) + EP(Goxt/00))

t=1

T
<BET ') [1(z > 0) — @(Boxe/00)],

t=1

and because |1(z > 0)—®(Fyz/0)| is an integrable function, it follows that the last expression
is O(T~'/?). Also, to deal with the second expression, note that

1Z€t$t iUt > O — ]-(yt > 0))

= Til Z(gtxt(l(l’t > 0) — 1(yt > 0)) — ngt(b(B()SL’t/O'(])) + Til th00¢(60$t/00)7

t=1 t=1

and because |x|¢(Byx/00) is integrable, the second term is O,(T~1/2); also, the first term has
a mean of zero and a variance of

T ZEetxt (x> 0) — L(y > 0) — 00p(Boxt/00))?
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which is O(T~'/2) by the earlier arguments. Finally, to show that the first term is 0,(1), note
that pointwise convergence holds by a simple variance calculation and Lemma A.3, because
summands are mean zero martingale differences. Therefore, it remains to show stochastic
equicontinuity to strengthen the pointwise convergence in probability to uniform convergence
in probability. To show stochastic equicontinuity of a process Jr(+), it suffices to show

B|Jz(r) = Jr(r)[* < Clr — ']

see for example Billingsley (1968, p.95). Such a result can be established in our case by
noting that, by Burkholder’s inequality and the norm inequality,

[rT]
Eju—wil/2 Z €t(]—<yt > O) — qus(ﬂol't/()'o) — 1(]715 > O)>’4
t=[r'T]+1
[rT]
<CEIT™ ) 1z > 0) — Ly, > 0) — 000(Bows/o0)|”
t=[r'T]+1

< C'|v' —r|*Ee}.

This completes the proof. 0

Lemma A.10 Under Assumption 1, 2 and 3, for each (ry,73) € [0, 1),

[r1T] T

(T71/2 Z eil(zy > 0), T Z evry1(zy > 0), Tﬁl/Qx[mT])

t=1 t=1
2, (00(Z4, Z2)B(7"1)1/27V1(7“2))

where (Z1, Z3) is bivariate normal, Zy and Zy are independent of each other, and (Zy, Zs) is
independent of Vi(+), and

iy = (A0 = 0 0 > 0
V7 LR > ) [PV > 0dn) )
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Proof of Lemma A.10:

We show convergence in distribution of \;7~'/2 ZE{] el(zy > 0) + AT~ 2z, for any

(A1, A2); including T—! Zthl ey 1(z; > 0) does not add any further complications, but will
complicate notation. The characteristic function of this expression is, by conditioning on

(x1,...,zr) and the normality of &, given xy, ..., zr,
[r17]
Eexp(i)\lT_l/2 Z ei1(xy > 0) + )\QT_I/Qx[mT])
t=1
[r1T]
= EE(eXp(i/\lT_l/Z Z Stl(l‘t > O) + )\QT_I/Qﬁ[TQT”JTl, e ,ZL‘T)
t=1
[r17]
= Eexp(iXTap,m) [ ] exp(—(1/2)03 1T 1(z, > 0))
t=1
[r1T]
= Eexp(i)\gT_l/Zm[mT]) exp(—(1/2)N\jo3T Z 1(x; > 0)).
t=1

By the joint convergence in distribution of both terms, the last expression converges to
Eexp(irVi(ry) + )\%ag/ 1(Vi(r) > 0)dr),
0
which corresponds to the joint distribution of (oo Z(f;* 1(Vi(r) > 0)dr)'/?, Vi(r2)). O

B Proofs of the main results

Proof of Lemma 1: Write

T
t=1

E

= 7~ (1+r/2) g(z1)1(y 00 + £ < 0)a5, (TP |ay| < K)

o~
Il

1

[M] =

+ 7~ (+r/2) g(x11) (2o + ¢ < 0)$§t1(T_1/2|x2t| > K).

t

1
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Since supy <, T~ "/?|z5;| = O,(1), the second term can be made negligible by choosing K
large enough. Using the law of iterated expectations, the absolute expectation of the first
expression can be bounded by

T
T " Elg(zie)|(1 — ®(z100)) K*,
t=1

and because [*_|g(y)[(1—®(y))dy < oo by assumption, the result now follows from Lemma
A.3. This completes the proof. O

Proof of Lemma 2: We apply Lemma A.6 to show the six results and we will use v(\) =
A" in this lemma. From Lemma A.2, the assumed uniform boundedness of the densities
follows. Weak convergence follows from Assumption 1. The result of (a) follows by setting
G(s1) = F(s1) and g(s2) = 1. For (b), we use G(s1) = s1P(s1) and g(s2) = 1; for (c), set
G(s1) = s2®(s1) and g(s9) = 1, and k = 0 for these cases. To show (d), we use G(s;) = ®(s1)
and g(s2) = s9, and k = 1; for (e), G(s1) = ®(s1) and g(s2) = s285, for £ = 2; and for (f),
G(s1) = D(s1)s1, g(s2) = s2, and k = 1. For all these cases, we have for all K >0

/K lV(TY) 7 G(TY %) — H(z)|dx — 0.

-K

This completes the proof. O

Proof of Lemma 3: By Lemma A.7, it suffices to find the limit distributions of H 30 (00),
H,: 3 (6p), and f],,zaz(eo). The result for H 5p(00) follows from an application of Lemma 2.

To show the result for ﬁgzgl (00), we observe that this statistic consists of two parts, viz.
o520 ooy b))z and 052 S ¢log abry)z,. By Lemma 2 of Park and Phillips
(2000), p. 1256, it follows that the first term is O,(T"'/?), while the second is O, (T'), which es-
tablishes the result. To show the result for H,2,2(6y), first note that 7-1/2 ZtT:1 d(oy r08) T 100
converges in distribution by Lemma 2 of Park and Phillips (2000) because the function ¢(y)y

is integrable. By Lemma A.7, the distributional limit now follows for this term, which com-
pletes the proof. O

Proof of Lemma 4: We will apply Lemma A.1. Define Gr = o(xy,...,27) and Fr; =
o(ets...,€5,%1,...,27). Note that the summands of (S3(6p), S,2(6p)) are martingale dif-
ferences with respect to the Gp; as defined in Lemma A.1. We will show that \}.S3(fy) +
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A2Sy2(60y) converges in distribution to the appropriate limit, from which the result follows
by the Cramer-Wold device. Then for any A = (A, A2)’,

T
Uy = 05°T 72 Y ¢(Bye/00)* (1 = ®(Byae/o0)) > (M) "L + e < 0)

t=1

T
+og T2 "} (Na)*L(x}Bo + & > 0)

t=1

T
X300 (LT Y (Bhw) 0 (Byxe/00)* (1 — D(Bgae/00)) > 1(x}fo + & < 0)
t=1

T

X000 (1/2)T2 > " (B (V) (B /00)* (1 — @B/ 00)) > 1(24 80 + & < 0)
t=1
T
+ X0 ST 372 Z es(Nz)1(z}Bo + & > 0) (e — 07), (41)
t=1

and define

uyp =0y T2 Z (N2 *((Byae/o0) — (0 ' Boxe)d(og ' Bye))

2004T Z (x100/00)> D180/ 00) + 2% (7 50/ 00) — (x100/00)¢(x100/00)). (42)

The difference U2, — u3 is now a sum of martingale differences; to see this, note that it is
used here that for any nonrandom a € R,

Eel(e > —a) = ood(a/ap),
Ee1(e > —a) = 02(®(a/oo) — (a)oo)d(a)op)),
Ee*1(e > —a) = a3((a/o0)*d(a/o0) + 2¢(a/av)),
and
Ee'1(e > —a) = og(—(a/00)’d(a/00) + 3®(a/o0) — 3(a/o0)$(a/o)).
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To show that

U%T - u%“ — 0,
first observe that since max;<;<p T~ Y2|z;| = O,(1), for showing that the first term of U2,
is negligible, it suffices to show that

T
ET™'Y  6(Bye/00)*(1 = (Bye/o0)) >} + ¢ < 0) — 0

t=1

and by Lemma 1 and the integrability of |x|¢(z), this result easily follows. A similar argument
holds for the third and fifth term of Equation (41). To show that the second term of Equation
(41) is asymptotically equivalent to the second term of Equation (42), again using that
max; <;<7 T~V?|z;| = O,(1), note that it suffices to show that

T
T2 (e71(x1fo + & < 0) — B(71(2180 + & < 0)|an, ..., 27)) (N (T 72|z < K)
t=1

- 0.

This result follows from a simple variance calculation and because Ee} < oo. A similar
argument holds for the fourth term. For the sixth term, a similar argument applies. Also,
to show that max;<;<7 | X7 ., 0, note that again we need to deal with six terms. We can
assume again that max;<;<p T %|z¢| < K and for the first term, it suffices to show that for
all K > 0,

P(|A K max T 2B/ 00) (1 = D(Bye/00)) " (2} B0 + & < 0) > 6)

T
<Y P(T7VPEN6(Bye/00)(1 = @By /00)) L5 + 0 < 0) > 6)

t=1

T
< OTEKR|N)? ZT‘1E¢(5633t/00)2(1 — ®(Ba/00)) 2 1(} By + &0 < 0) — 0
t=1

by Lemma 1. For the five other terms, similar arguments apply. In addition

2 _ —2 2 2 _ —2 4
E(max Xr,) = O(T"E(max |en|” max |z.°)) = O(T"E max |z.[),

and by Lemma A .4, the last expression is O(1), as required.

The result now follows by observing that by construction, E(Xz:|Gri—1) = 0 because by
Assumption 2, &|xy, ...,z is distributed N(0,o3).

Also,

1 1
ut L ot / (N, V()2 1(Vi(r) > 0)dr + 2X\20; / 1(Vi(r) > 0)dr.
0 0

Therefore, for any A, \1.Sg(0y) + A2S5,2(0y) converges in distribution to a mixed normal limit,
and the Cramer-Wold device therefore renders the result of the theorem. O
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Proof of Lemma 5:

By the Taylor expansion,
0 = (8/9B)log Lr((By, 67)') = (9/98) log Lr((5), 67)")
+(9?/0p0B") log Ly (57, 67)) (Br — Bo).
o (presuming the matrix is invertible)

T(6r — Bo) = [(0°/0508") log Lr((57, 7))~ (9/08) log Lr (B, 67)')

T
= [-T7? Z 91(x,Br)67)1 (2,50 + & < 0)ayry — T2 Z (2, B0 + & > 0)apz}] ™!

t=1 t=1

T
X [—&TTil Z (b(ﬁéxt/&T)(l — @(ﬂéxt/&T))*lxtl(m;ﬁo + & < 0)

t=1

— 23 00)x:1 (2,50 + ¢ > 0)].

IIMH

The proof that T(37 — o) = O,(1) is now complete if we can show the following four results:
L T2 gi(2)8/0)1(x)80 + & < 0)ayx) is positive semidefinite for any (8,0) € B x X;

2. T2 1(x)B + & > 0)x;x, converges in distribution to an a.s. positive definite
matrix;

3. SWPpex T Y00, By /o) (1 = @(Bye/0)) ™ | L5 + &0 < 0) = Op(1);
4. T-'S°7 e 1(2) By + & > 0) converges in distribution.

Result 1 follows because ¢i(-) > 0. Result 2 was derived in the proofs of Lemma A.7 and
Lemma 4. Result 4 was derived in Lemma 4. To show the remaining result 3, write

T
T 6(Bhwi /o) (1 — (B /o)) 1(wBo + & < )]
t=1

T
= T3 6(Byn/o) (1 — B(Byae /o)) LaiBo + 2 < 0L (B > 0)|a 1T |ay| < K)

t=1

T
T oo /o) (1 = D(Bye/0)) " LBy + e < 0)1(Byae > 0)]ay [ LT || > K)
t=1
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T
T d(Bowi/0) (1 = @(Bye/0)) " LBy + & < 0)1(Byze < O)]a| (T2 || < K)

t=1

T
T 0(Byre/o) (1= D(Boi/0)) " L} Fo + & < 0)1(Byze < 0)|e| LT || > K).

t=1

The second and fourth term can be made arbitrarily small by choosing K large because
Supy ;e T7Y2|zy| = O,(1). All terms are monotone in o and positive. Therefore, the
largest possible value when maximized over o for each term is attained at either oy = max ¥
or oy = inf ¥. Therefore, it suffices to show the O,(1) property for the first and third term.
To show this, note that the absolute expectation of the first and third term is bounded by

T
sup T2 Bé(Bywe/)) (1 — (Bye/o;) " (1 = (Byae/o0)) LT || < K)K < oo,
21 t=1
from which result (3) follows; the last result follows from Lemma A.3 from noting that
$(y/oj)(1 = @(y/o;)) (L = @(y/o0))
is integrable over y because
Sy)(1—2(y)) "1y > 1) < Cly|

(see Park and Phillips (2000), p. 1254) and because |y|(1 — ®(cy))1(y > 0) is integrable for
all ¢ > 0.

To show the rate for 62, note that from the expression for the score function of Equation
(10), it is easily seen that

T
% = Op(T7) 0% + Oy sup T~ 3 [atrlolaiBr/0)(1 — (aifr/o)) " Lt + 0 < 0))
oe =1

Because ¢(y)(1 — ®(y))~! is increasing in y, and because Fpz;, < B + |Br — Bol|x|, and
because T~ '/% sup, ;1 |z:| = O,(1), it suffices to find for all K > 0 an O,(T~"/?) rate for

T
Tt Z(Iéﬁo + T V2K) ()80 + T~ Y2 K) /O min) (1 — ®((2}00 + T~ V2K) /O pmin)) 21}, 30 + &4 < 0).

t=1

Taking absolute expectations, we see that it suffices to find a O(T~'/?) rate for

T
ET™'Y |2y + T7V2K|@((2)0 + T72K) [omin) (1 = © (10 + T2 K) o))~ (1 = @ (Fgar))-

t=1
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Because |y|¢(y)(1 — ®(y))~! = O(y?), by Lemma A.5, the last expression is asymptotically
equivalent to

T
ET™! Z |$;ﬁo|¢(x2ﬁ0/0mm)
t=1

Because iz, = ajzy, the above expression involves the average of the summation of an
integrable function of an integrated process, and is O(7~'/2) by Lemma A.3. That concludes
the proof. 0

Proof of Theorem 1: We start with the expansion (23), or
0= Sr(07) = Sr(6y) + Hr(00)(Or — 00) + [Hr(07) — Hr(6,)](01 — ).
Define Dy = diag(T'1,,,, T'/?). Then write
0 = D3'Sr(60) + [Dy" Hr(60) Dy' | Dr (01 — 60) + (D3 [Hr(0r) — Hr(60)] D) Dr(6r — 6o).

We will employ Theorem 10.1 of Wooldridge (1994), which applies to nonlinear models with
nonstationary data. Condition (i) and (ii) are satisfied by assumption and condition (iv) is
given in Lemma 3 and Lemma 4 in the paper. Therefore we only need to verify Wooldridge’s
condition (iii), which is

sup |Cp ' [Hr(0) — Hr(00)]Cr'| = 0,(1) (43)
{0100 (0-60)l<11}

where Cp = DyT~° for some § > 0. For (43) to hold, it is sufficient that
T |Hyy(8) — Hs(6o)| — 0,
T3/ Hya(8) — Hoz (60)| — 0,
and
T~ | H,22(0) — Hy202(0p)] = 0
uniformly for all § = (', 0%)’ satisfying
B =00l ST and |o® —og| <TV/24 (44)

for some 0 > 0. By the Taylor series expansion of the Hessian at 6 = 0, for some mean
value 0 = (3, 5%),

Hpp (0) — Hpp (00)
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=Y (0(=qi(x18/0)0™2)/05,_3(8 — Bo) + D(—g1(xB/0)0?)/00%|_g(0” — 7))

=1
T
(8o + &0 < 0y + 6 Ho? — 0]) Z 1(z, 00 + & > 0)xy23,
=1
HO—Qﬂ/(9> - HO'26/(00)
T
= ((=g2(218/0)0*)/05y—5(8 — o) + O(—ga(w}B/0)0~?) /00 |y_s(0” — 07))
=1
T

(280 + & < 0)xy + 26 9(0” —00) Y (2B + 0 > 0) (e + (B — Bo) we) s

t=1

T

+267" Z((ﬁ — Bo) ) 1(x80 + ¢ > 0)ay,

t=1

H0202 (9) - Hazaz ((90)

Z (g93(233/0)0 ™) /0Blo—5(8 — Bo) + O(gs(x18/0)0 ™) /00 y_5(0* — 05))L(}F0 + £¢ < 0)

T

T
(0% —08) > 1(x}Bo + &> 0) +35 (0% —00) > (&1 — (B — Bo)'x:)* 1z} + & > 0)
t=1

t=1

T

5 Z er — (B — Bo) ) (B — Bo)we)L(} B + ¢ > 0).

We first consider the linear components of each Hessian function. The linear term in

T=2*%|Hpg (0) — Hpz(0o)| can be bounded by
T
sup T35 02 — 52| Z 1(z) 00 4 &, > 0)|wyr)| < o T—5/33 Z x| =
=1
The linear terms in T~%2*2|H 245 (0) — H,25(6p)| can be bounded by

T
sup 26~ 9Jo” — og|[T72720 " (B + &4 > 0)aiey + 24(5 — o) x|

t=1

T
=1

t=1
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T—1/2+35>



= 0,(T /243 1 0,(T 144

and

T
sup 26T (8 — Bo)'wi] L(w} 6o + &0 > 0)ay|

t=1

T;;LTLT—3+36 Z ‘iL‘ It‘ _ 1+36)_
The linear terms in T~ 2| H,2,2(0) — H,2,2(60y)| can be bounded by

T T
o2 T 1/2+36 + 30 ;SnT 3/2+2éz€t + 3Um§nT 5/2+4éz |5txt|

mzn

t=1 t=1
:Op(T_l/2+35)+Op(T_l+46)+Op(T_3/2+56).

Therefore, if we let 0 < § < 1/6, all linear components goes to zero uniformly. For the
nonlinear component, note that a typical term in the Hessian functions takes the form

Y o' (#iB/0) (1 — ®(xiB/0)) (w18 /o) x;

where [, k, p, k are some nonnegative integers. Note that

(0/9B)(¢(}3/0) /(1 — (x15/0)))
= —¢(x;8/0)(1 = ®(x18/0)) " (:18/0)(x:/0) + ¢ (2,3/0) (1 — B(2;6/0)) (21 /0)
(0/00*)(9(x18/0) /(1 = @(a45/0)))
= (1/20%)[¢(x}3/0)(1 = (2}3/0)) " (218/0)* + ¢*(3/0)(1 — ®(a33/ o)) (2, 8/0)]
Therefore, if we let ¢, = ¢(x,3/5), ®; = ®(z,5/5), and for some nonnegative integers
l,k,p,j,n, q,k, atypical term of the nonlinear component evaluated at 6 can be written as?

sup [T~1F20 N (GG (1L — &) (248/6)7a1(5 — o) + 577 (1 = ) "(@13/5)" (0% — 03))

t=1
2For instance,
1(}5)/35 = _%t(l - (’I;)t)il(fﬂt/é) + (2¢:(1 - éj)il _~$25/5)(8{35’)(<§t/(1 - ii)t)) )
0g1(0)/00% = —dr(1 — By) N (x4/5)(1/26%) + (204(1 — @)~ — 278/5)(0/957)(¢¢ /(1 — @4))
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(B0 + & < 0)y|

T
< sup TN A (GG (L — ) Mt /517 il VT + 567 (1 — i) "t 5/5]%)

t=1

(00 + & < 0)|y|”
T ~ ~ ~ ~ ~ ~
= sup T332 NN GGEL — &) (@ B/5) |l VT + 67967 (1 — &) " (2,5/)7)
t=1
Ay f > 0) (b + & < 0)|ay”
T
+sup T3P0 N (G GR (1 — ) F |2 3/617 || /T + 67767 (1 — @4) [y B/57)
t=1

1(3725 < 0)1(x}f0 + &0 < 0)|ay|"

T
< sup TN o (08/6) il /NT + 0,0, ha(18/5)) (25 > 0)

(2o + &1 < 0)]ay|" (45)

T
+sup T3/206/200 N kg L K1t 315 Pyl /N + 20,3, Bl 3/61%)

t=1
L(af < 0)1(x}fo + e < 0)|ae" (46)
where
hn(x) = ¢(2)*(1 — () *a” and  he(z) = ¢(x)"(1 — () "2,
It is clear that since ¢ is an integrable function, the term in (46) is of order O,(T1+%); see

Lemma A2 in Park and Phillips (2000). For the term in (45), choose K large enough so that
the probability that T-/2|x,| > K is negligible for all £ < T. Then term (45) is bounded by

T_3/2+26 Z mmhl 171560/0-0)[( + o’mznhg(l’;ﬁo/go))l(léﬂo +er < O)KR’ <47)

where hy(x) and hy(z) are defined as in Lemma A.8. The absolute expectation of (47) can
be bounded by T’1/2+25GT where

Gr=T" Z Trmin EIR1 (2450 /00) | K + 070, E|ha(80/00) ) (1 — @ (230 /00)) K

= 0p(1)
following Lemma A.3 and Lemma A.8. Therefore, the term (45) is of order T71/2¥2  In

summary, when 0 < § < 1/6, condition (43) is satisfied. Then by Theorem 10.1 of Wooldridge
(1994), we have the limit distribution of the ML estimator. O
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Proof of Theorem 3: Without loss of generality, we assume that 5y > 0 in the proof. This
result follows from Lemma A.9 and Lemma A.10 if we can show that Hr(-) is stochastically
equicontinuous on [0, 1]. To show this, we only need to show the stochastic equicontinuity of

[rT]
TN " a1(z, > 0)
t=1

and

[rT]

-1/ thl(aﬁt > 0)).

t=1

For the first term, we have

[rT) [r'T]
|T_3/2 Z th]_(xt > 0) — T_3/2 Z :Etl(:L’t > O)l
t=1 t=1

< —1/2 =)
< (T777 max |z|)|r -,

from which stochastic equicontinuity of this term follows. In addition, by the Burkholder
inequality and the norm inequality,

[rT]
BT 3" el(x >0)
t=[r'"T]+1
[rT]
<CE|IT™ Y (x> 0))> < C')r — /| Eef,
t=[r'T]+1

and from the reasoning of the proof of Lemma A.9, it follows that 7/2 ZE;TI} el(zy > 0) is
stochastically equicontinuous. 0
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