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Abstract

For many time series in empirical macro and finance, it is assumed that the loga-
rithm of the series is a unit root process. Since we may want to assume a stable growth
rate for the macroeconomics time series, it seems natural to potentially model such a
series as a unit root process with drift. This assumption implies that the level of such
a time series is the exponential of a unit root process with drift and therefore, it is of
substantial interest to investigate analytically the behavior of the exponential of a unit
root process with drift. This paper shows that the sum of the exponential of a random
walk with drift converges in distribution, after rescaling by the exponential of the maxi-
mum value of the random walk process. A similar result was established in earlier work
for a unit root processes without drift. The results derived here suggest the conjecture
that also in the case when the Dickey-Fuller test or the KPSS statistic is applied to the
exponential of a unit root process with drift, these tests will asymptotically indicate
stationarity.

Key words and phrases: nonlinear transformation of random walk, unit roots

1 Introduction

This paper concerns the behavior of the exponential of a random walk process with drift.
Since the logarithms of time series such as GDP, money supply, consumption, unemployment
rate, and interest rate have been modeled in the literature as unit root processes, it is of
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considerable interest to investigate the level behavior of such time series. This paper shows
for the random walk with drift case the convergence in distribution of statistics of the form

R, = Z exp(y — My,)
t=1

where y;, t = 1,...,n is a random walk, yo = 0, and M,, = max;<;<, y:.

When 3, is a unit root process without drift, the result of convergence in distribution
of R, was shown in de Jong (2010). He considered a more general situation than the case
of i.i.d. increments Ay, considered in this paper, and assumed that the increments of the
unit root process were linear processes. The assumption of i.i.d. Ay, is much stronger than
the linear process assumption made in de Jong (2010). However, we do not know how to
relax this i.i.d. assumption for the case of a unit root process with drift as considered in this
paper. On the other hand, we do not need the assumption of continuity of the innovation
distribution that is made in de Jong (2010).

For the case of i.i.d increments Ay, and no drift (i.e., EAy; = 0), Davies and Kramer
(2003) showed the property sup,,~; ER,, < oo under regularity conditions. For this case Park
and Phillips (1999) already showed that under regularity conditions,

n

n~1/2 Z exp(y, — M,,) = 0;

t=1

see also Davies and Kramer (2003, p.867)".
The key argument in this paper consists of showing that

lim Eexp(—r Z exp(ye — M,))
t=1

n—oo

exists for all 7 > 0. In combination with the result > )  exp(y: — M,) = O,(1), this then
completes the proof of convergence in distribution. The proof exploits the assumption of
i.i.d increments to split > | exp(y: — M,,) into two parts that possess a property of mutual
independence (one running up to the index at which the maximum of the random walk is
attained, and one starting at that point), and then shows the convergence of each part to
obtain the convergence in distribution of R,. De Jong (2010) used a different approach,
based on a result of Ritter (1981). Ritter (1981) establishes a rate at which a “random walk
conditioned to be positive” increases to infinity. In the absence of a similar result for random
walk with drift, this strategy of proof is not available for the case of random walk with drift.

n their paper, M,, = max(0, maxi<¢<n yt)-



Establishing a Ritter-type result for random walk with drift appears to be complex, and we
were unable to derive such a result.

Earlier attempts to analyze issues involving transformations of unit root processes are
Granger and Hallmann (1991), Ermini and Granger (1993), Corradi (1995), and Ermini and
Hendry (2008). A common strategy of these papers is to try to define the I(1) property in such
a way that under some transformations the property is preserved. A related literature (see
for example Granger and Hallmann (1991), Burridge and Guerre (1996), and Gourieroux and
Breitung (1997)) seeks to find unit root tests whose null distribution is robust to monotonic
transformations.

Borodin and Ibragimov (1995) and Park and Phillips (1999) seck to characterize the limit
behavior (after rescaling) of sums of the form

Z )

for various types of functions f(-). For functions f(-) that are “asymptotically homogeneous”
the limit behavior of the rescaled statistic can be derived because it is asymptotically equiv-
alent to a sum of a function of 1, /+/T, and at that point an appeal to the functional central
limit theorem can be used to derive the limit distribution. For integrable functions f(-), the
convergence in distribution of n~1/2 > iy f(y) has been derived in Borodin and Ibragimov
(1995) and Park and Phillips (1999). De Jong (2010) adds the exponential function to the
set of functions for which the behavior of statistics such as > " | f(y;) is well understood.

Since a random walk with positive drift is not recurrent, the results of this paper imme-
diately carry over to the statistic

> " exp(yo + v — max(0, yo + max yi)),
t=1 -

where g, is an arbitrary random variable. In addition, the line of proof used here carries
over to statistics of the form

Z; flye — max )
t=

and

n

z; f(yo + e — max(0, yo + max y,)),
P

where f : (—00,00) — [0,00) is a Borel measurable function such that f(z) is continuous
and nondecreasing in z, and |f(z)] < C|z + 1|727" for all z < 0 and some 1 > 0.

3



2 Main result

The random walk with drift y, is assumed to satisfy the following:

Assumption 1. y, =y, 1 +a+e; fort=1,....,n, where a >0, yo =0, & is i.i.d., Ee; =0
and Ele;|*™ < oo for some § > 0.

To understand the development of the result, define 7T, as the first index at which the
maximum of g, is attained. We can write, if we adopt the conventions that summations
over empty index sets equal 0, that a minimum over an empty set equals +oo, and that a
maximum over an empty set equals —oo,

n

Eexp(—r Z exp(ys — M,))

t=1
n

EY» I(T, =k)exp(—r Z exp(Ye — Y))

k= t=1

: B : N B B

2 E(I(, min (ye —ys) > 0)I(, min (y —ys) > 0) exp( thlexp(yt vi)))
k—1

= exp(— ZE (exp(—r Zexp(yt —y))I( min (yx —ys) > 0))

1<s<k—1
t=1

[y

n

x E(exp(—r Z exp(yr — ye))I( min  (yr — ys) > 0))

k+1<s<n
t=k+1
k—1
= exp(— ZE (exp( T;exp (=ye)I( min y, > 0))
n—k

x Blexp(—r Y exp (3)I( max g, <0)

1<s<n
t=1

—eXP E Uk—1Un—k

where ug = v9 =1, and for 1 < k < n,

ur = FE(exp(—r ZeXp(_yt»I(fg& ys > 0))

t=1



and
k
ur = Eexp(—r ) exp(y))! (max y, < 0)).
t=1 -

The third equality follows because the two parts are independent. The fourth equality follows
because for any Borel measurable function A(.,...,.),

h(a+€k,2a+8k+8k_1,'” ,(/f—l)a+€k+8k_1+"~€2)
ih(Oz—|—<<=:1,204+€1—|—€2,~- J(k—1Na+e+eo+--e51)

and

h(Oé + €41, 200 + €1 + Eppay (n — ]f)Oé + €k+1 t kg2 + - '€n)
2 hlao+e,2a 461+, ,(n—k)a+e +ea+ - ep k)
Now we can show the following results:

Lemma 1. Under Assumption 1, sup,~; ER,, < oo.

n
Lemma 2. Under Assumption 1, u, and ) v,_p converge as n — oo.
k=1

Using Lemma 1 and 2, the following result now follows:
Theorem 1. Under Assumption 1, R, converges in distribution.

For completeness, we note that the case of the unit root process with negative drift -
i.e. the case a < 0 - is substantially simpler to analyze. In that case, by the root test,
S exp(y;) will converge almost surely if lim, . exp(y,/n) < 1 a.s.. Therefore, as long
as the strong law of large numbers holds for n™' Y"1 | &, we will find lim,, ., exp(y,/n) =
exp(a) < 1 a.s., and therefore almost sure convergence of >} ; exp(y;) follows.

While Theorem 1 shows the convergence in distribution, the limit distribution in general
depends on the distribution on ;. Therefore, if the above limit distribution result is to be
used for testing, the limit distribution will need to be obtained through some resampling
method.

We conjecture that the result of Theorem 1 will continue to hold for linear processes. It
should be possible to obtain such a result by following the line of proof of de Jong (2010), in
combination with a Ritter-type result for random walk with drift conditioned to be positive.
If that is indeed the case, it would follow (using the same arguments as in de Jong (2010))
that the Dickey-Fuller test should asymptotically indicate stationarity. In addition, such a
Ritter-type result seems to imply that the KPSS statistic when applied to the exponential of
the unit root process should converge in probability to 1/3, thereby asymptotically indicating
stationarity as well. This remains an interesting and important topic for future research.



3 Simulations

Theorem 1 is easily illustrated with a simple simulation. A Matlab simulation program
(available from the authors upon request) was used to generate simulation results for

n

Qulc,a) = 3 exple(ys — My))

t=1

for various values of n, ¢, and «, and various distributions for i.i.d. ¢; that have a variance
of 1. While Theorem 1 holds for any value of drift a and any value of the scaling parameter
¢, we should expect that the approximation will be poor for relatively low values of ¢. In
that case after all, y, — M,, will be relatively small as well, and

n

> exp(yr — M) = ) exp(0) =n

t=1

and a large value for n will be needed in such a situation in order to achieve a good approx-
imation to the limit distribution. Similarly for relatively large values of ¢,

Zexp(yt - M, ~ Zl(yt =M,)~ 1.
t=1 t=1

In order to observe the convergence in distribution from the simulation, 10,000 replications
were used everywhere to obtain the results. For n we used the values of 50, 100, 500, 1000,
5000 and 10,000 in all situations. For ¢, we chose 1, 2, and 5. For the distribution of
g, we used a standard normal, a uniform[—\/g, \/5], and a Rademacher distribution (i.e.,
P(e, = —1) = P(e; = 1) = 0.5). Finally for the drift, we chose o =0.04 and 0.1.

Simulation results can be found in the tables of Appendix 2. For a = 0.04, ¢ = 1,
the convergence in distribution appears to be relatively slow, especially for the uniform
distribution case. For higher values of ¢ and «, the convergence in distribution appears to
be rapid, with a good approximation to the limit distribution being reached for n = 1000
to n = 5000. From the simulations it is clear that the limit distribution depends on the
distribution of &;.
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Appendix 1: Mathematical proofs

Proof of Lemma 1: Similarly to Davies and Kramer’s argument of page 8682, after applying
integration by parts to the Rieman-Stieltjes integral (Theorem 7.6 in Apostol, p.144), we

2Davies and Kriamer added a term to this formula. We thank Professor Davies for pointing this out to
us.



have

Besp(y— M) = [ exp(-a)dFin(a)
— exp(-a) ()% + [ espl-a)Fin(e)ds

_ / " exp(—z) Fyn () = /O " exp(—) Fip (2)da

e}

where Fy,(-)denotes the distribution function of M, — y;. Fi,(z) =01if 2 < 0 and for z > 0
we now have for t € {1,...,n — 1}

Fin(2) = P(M, — g, < 2) = P(max (s, — ) < 2)

max (ys — ) < 2)P( max (y, —y;) < 2)

1<s<t—1 t+1<s<n

P
= P( max (—y,) < 2)P( max y, < 2)
P(

max < z).
lgsgn—tys - )

Now if z < at/2, by the Markov inequality, for t € {1,...,n},

P(max y, < z) < P(t7 V2 (y,—at) < t7V2(z—at)) < P([t7Y2(y — at)|**0 > (at'/?/2)*+9)

1<s<t

< $—1-0/2,,—2-692+¢ sup F ’t_1/2(yt — at)

’2+6
t>1

t
_ p—1-8/2,,~2-0692+6 sup E‘tfl/zz 6j|2+5 < Ct*1*6/2,

t>1 ey

t
where C' = o~ 2722 sup E|t~1/2)" £;|**? < oo. This holds because for p = 2 + § we have
t>1 j=1

t t t
723 e b Cp 1 720 eV [l,= Cu(E[EY 3r2)tr
j=1 j=1 j=1

t
= Gyl 7D 2 [ly2) " < Gyl €2 2)/2 = Cy( Eles )7 < oo,

j=1



The first inequality is Burkholder’s inequality, the last inequality is Jensen’s, and we used
the definition [|Y[|, = (£ |Y'|P)1/P. This last result implies now that for z < a(n —t)/2 and
te{l,...,n—1},

Fi.(2) < P( max y, < z) < C(n— t)flfé/Q.

1<s<n—t

Therefore, the proof is now complete by noting that

ER, = Z/ exp(—x) Fy, (x)dx
t=1 70
n—1 )

<1+ Z/ exp(—z) Fi,(x)dx
t=1 "0

=1 La(n—t)/2 ol poo
=14+ Z/ exp(—x) Fy, (z)dx + Z/ exp(—x) Fy,(z)dx
— Jo =1 J a(n—t)/2

C(n —t)"P? exp(—z)dz + z_: /OO exp(—x)dx

=1 a(n—t)/2
<1+ CZt‘l_‘W + Zexp(—at/Q) < 0.
t=1 t=1

]

Proof of Lemma 2: Note that u; is nonincreasing and bounded from below by 0 because

k
0<u,= E(exp(—rZeXp(—yt))]( mélk ys > 0))

1<s
=1 =
k—1
= E(exp(—r ;exp(—yt) exp(—r exp(—yk)))f(lgrgl?_lys > 0)I(yx > 0))
k—1
< E(exp(—rzexp(—yt))[(lgrsnglil_lys > 0)) =ug_1.

t=1

Therefore, u; converges to u = lim u,,.

n—oo



n n—1
Similarly, > v, = 1+ > v is increasing in n and bounded from above because
k=1 k=1

0 < v = Elexp(—r Y exp(y))(max y, < 0))

1<s<k

and from the proof of Lemma 1, P(lmaé: ys <0) < Ck™ 5. Therefore,

Zvn k—1+2vk<1+02k 1=

k=1

implying that Z Up_ converges to lim Z Up—k = V.
k=1 N0 =1

O

Proof of Theorem 1: First we need to show the convergence of Fexp(—rR,), i.e. the con-

vergence of Y wug_q1v, k. This follows by the convergence of w, and > v, j as n — oo,
k=1 k=1
since for all integers M > 1 and n > M, because uy > 0, v > 0, and uy, is decreasing,

k=1
M
E Up—1 — U)Up_f + E U1 — U)Vp_k
k=1 k=M-+1
uo—u E vnk—l— uM—u E VUn—k
k=M+1
n—1 n—M-—1
(uo—u)g v + (upr —u E Vg
k=n—M k=0

By making n approach infinity first and then making M approach infinity, it now follows
that lim > ug_jv,— — uw lim > v, = 0. Therefore Y ug_q1v,_j converges to uv, which
n—oo . n—00 .1 k=1

implies that E exp(—rR,) — exp(—r)uv.
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By Feller’s (1968) Theorem 2 of page 408, exp(—r)uv is the transform of a possibly
defective distribution F'(-), and the limit F'(-) is not defective if exp(—r)uv — 1 as r | 0.
Since

|exp(—r)uv — 1| = lim |F exp(—rZexp(yt — M,)) —1]

t=1

<|r| supEZeXp(yt — M,)

nzl o

because 1 — exp(—|z|) < |z] and sup,~, E >, exp(y; — M,) < oo as was shown in Lemma
1, it follows that the limit distribution is not defective. O
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Appendix 2: Simulation results

Table 1: Simulated quantiles and mean of the distribution of @, (1,0.04); ¢; Stdnormal

n 0.05 0.10 025 05 0.7 090 0.95 \mean

20 1.87 232 321 449 624 810 9.27 | 4.90
100  2.04 250 3.54 497 6.83 891 10.31 | 5.42
500 236 2.86 3.92 554 7.69 10.26 12.10| 6.15
1000 242 292 398 5.70 7.90 10.58 12.51 | 6.31
5000 248 299 4.06 576 7.98 10.69 12.68 | 6.41

10000 2.48 296 3.98 5.63 7.98 10.58 1247 | 6.33

Table 2: Simulated quantiles and mean of the distribution of @, (2,0.04); ¢; Stdnormal

n 0.05 0.10 0.25 0.5 0.75 0.90 O.95\mean

50 1.07 1.23 1.62 2.25 3.10 4.10 4.73 | 247
100  1.15 1.30 1.72 237 3.27 4.33 5.05| 2.63
500 1.24 1.40 1.83 2,53 347 456 531 | 281
1000 1.25 1.42 185 254 3.53 4.70 558 | 2.86
05000 1.27 144 1.87 255 356 4.74 5.60 | 2.88
10000 1.27 144 1.85 2.55 3.53 4.70 5.54| 2.86
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Table 3: Simulated quantiles and mean of the distribution of @, (5,0.04); &; Stdnormal

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50 1.00 1.00 1.04 1.24 1.68 2.17 254| 141
100 1.00 1.01 1.06 1.28 1.76 2.27 2.63| 1.47
500  1.00 1.01 1.07 131 1.79 229 2.67| 1.51
1000 1.00 1.02 1.08 1.32 1.81 233 272 | 1.53
5000 1.01 1.02 1.08 1.32 183 234 2.74| 1.54
10000 1.01 1.02 1.08 1.33 1.80 233 2.73| 1.53

Table 4: Simulated quantiles and mean of the distribution of @, (1,0.04); &, Uniform

n 0.05 0.10 025 05 0.7 090 0.95 \mean

20 1.76 220 3.07 425 5.75 746 8.61 | 4.57
100 199 242 331 466 642 844 9.69 | 5.09
500 246 290 3.89 535 747 985 11.57| 5.98
1000 250 299 4.00 556 7.74 10.14 11.89 | 6.18
5000 2.68 3.14 4.15 5.81 8.14 10.74 12.63 | 6.48

10000 2.74 3.21 4.22 594 821 1094 12.73| 6.60

Table 5: Simulated quantiles and mean of the distribution of @, (2,0.04); e; Uniform

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50 1.03 1.20 1.51 2.08 285 3.74 4.33| 2.28
100  1.12 1.26 1.61 2.21 3.03 4.02 4.67 | 2.44
500 1.21 1.34 1.72 235 324 433 510 2.63
1000 1.26 1.40 1.77 243 3.31 440 5.18| 2.70
5000 1.30 143 1.81 247 341 449 532 | 2.77
10000 1.30 1.44 1.81 247 341 4,53 5.30| 2.77
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Table 6: Simulated quantiles and mean of the distribution of @,,(5,0.04); ¢, Uniform

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50  0.17 1.00 1.03 1.18 1.59 2.04 2.40| 1.32
100 0.63 1.00 1.03 1.20 1.62 2.08 2.44| 1.36
500  1.00 1.01 1.05 1.25 1.71 220 2.54| 1.44
1000 1.00 1.01 1.05 1.26 1.72 2.21 255 | 1.46
5000 1.01 1.01 1.07 1.28 1.74 224 261 | 148
10000 1.01 1.01 1.06 1.28 1.72 221 262 | 148

Table 7: Simulated quantiles and mean of the distribution of @, (1,0.04); ¢, Rademacher

n 0.05 0.10 025 0.5 0.75 090 0.95 \mean

o0  2.02 230 299 4.06 549 7.01 8.00 | 4.41
100 219 248 322 446 6.04 7.86 9.07 | 4.87
200 238 2.72 354 491 6.86 898 10.64 | 5.50
1000 2.40 2.76 3.63 5.03 7.06 9.18 10.84 | 5.62
5000 242 279 3.68 5.09 7.10 935 11.14| 5.70

10000 243 2.78 3.67 5.09 7.06 947 11.19| 5.72

Table 8: Simulated quantiles and mean of the distribution of @, (2,0.04); ¢, Rademacher

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50 1.21 131 144 198 267 3.43 398 | 219
100 1.27 1.33 150 2.08 281 3.63 4.18| 2.29
500  1.32 1.35 1.54 220 297 3.83 444 | 2.40
1000 1.32 1.35 1.55 2.24 298 3.87 4.54| 2.43
5000 1.32 1.36 1.57 2.27 3.08 4.01 4.64| 248
10000 1.32 1.36 1.58 2.27 3.04 3.97 4.61| 247
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Table 9: Simulated quantiles and mean of the distribution of @, (5,0.04); ¢, Rademacher

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50 1.01 1.01 1.02 1.07v 1.69 2.01 220 ]| 1.35
100 1.01 1.01 1.02 1.10 1.69 2.06 2.25| 1.37
500  1.01 1.01 1.02 1.12 1.69 214 235| 1.40
1000 1.01 1.01 1.02 1.13 1.69 214 233 | 1.40
5000 1.01 1.01 1.02 1.14 169 213 233 | 140
10000 1.01 1.01 1.02 1.14 169 214 236 | 1.40

Table 10: Simulated quantiles and mean of the distribution of @,(1,0.1); &; Stdnormal

n 0.05 0.10 025 0.5 0.75 090 0.95 \mean

50  1.83 222 3.08 436 6.00 7.79 895 | 4.75
100  2.00 2.40 3.29 469 6.54 8.63 10.18 | 5.17
200  2.09 250 345 485 6.87 9.27 1091 | 548
1000 2.09 253 345 4.89 6.88 9.22 10.94 | 5.49
5000 2.08 252 349 491 690 9.20 1097 | 5.50

10000 2.09 2.53 3.49 494 6.92 9.33 10.90 | 5.52

Table 11: Simulated quantiles and mean of the distribution of @, (2,0.1); &; Stdnormal

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50 1.11 124 1.61 223 3.04 4.01 4.68| 2.46
100  1.15 1.29 1.68 2.31 3.18 4.18 4.88 | 2.57
500 1.19 1.35 1.75 241 3.33 440 521 | 2.69
1000 1.18 1.33 1.73 2.38 3.31 4.38 5.19| 2.67
5000 1.20 1.34 1.74 239 3.30 4.37 5.11 | 2.67
10000 1.20 1.34 1.72 236 3.26 4.41 5.14| 2.66
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Table 12: Simulated quantiles and mean of the distribution of @, (5,0.1); &; Stdnormal

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50 1.00 1.00 1.05 1.25 1.70 2.16 2.51 | 1.43
100 1.00 1.01 1.06 1.28 1.74 224 2.61| 1.47
500  1.00 1.01 1.06 1.30 1.76 2.26 2.61 | 1.49
1000 1.00 1.01 1.07 129 1.76 224 261 | 1.49
5000 1.00 1.01 1.07 1.29 1.76 225 2.63| 1.50
10000 1.00 1.01 1.06 1.30 1.76 2.28 2.68 | 1.50

Table 13: Simulated quantiles and mean of the distribution of @, (1,0.1); ; Uniform

n 0.05 0.10 025 05 0.7 090 0.95 \mean

20 1.80 222 3.056 426 582 744 859 | 4.60
100 2.01 246 3.36 4.69 646 842 985 | 5.15
500 243 2.83 3.79 532 740 994 1158 | 594
1000 250 296 4.00 5.60 7.76 10.30 12.04 | 6.21
5000 2.65 3.12 4.14 5.81 8.15 10.79 12.77 | 6.49

10000 2.71 3.20 4.23 588 824 1094 12.98 | 6.60

Table 14: Simulated quantiles and mean of the distribution of @, (2,0.1); ; Uniform

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50 1.05 1.20 1.52 2.10 288 3.759 4.39| 2.30
100  1.11 1.26 1.61 221 3.05 4.03 4.77| 2.45
500 1.22 1.36 1.74 237 3.29 438 5.16 | 2.66
1000 1.25 1.38 1.77 240 3.35 4.42 521 | 2.71
5000 1.28 143 1.82 247 340 451 531 | 2.77
10000 1.29 143 1.81 248 343 4.57 538 | 2.79
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Table 15: Simulated quantiles and mean of the distribution of @, (5,0.1); &, Uniform

n 0.05 0.10 025 0.5 0.75 0.90 O.95\mean

50  0.27 1.00 1.02 1.18 1.9 204 237 | 1.33
100 1.00 1.00 1.03 1.21 1.64 2.09 242]| 1.37
500  1.00 1.01 1.05 1.24 1.67 2.17 256 | 1.43
1000 1.00 1.01 1.06 1.26 1.71 220 2.60 | 1.45
5000 1.00 1.01 1.06 1.27 1.74 221 258 | 1.47
10000 1.00 1.01 1.07 1.28 1.73 222 259 | 148

Table 16: Simulated quantiles and mean of the distribution of @,(1,0.1); ¢, Rademacher

n 0.05 0.10 0.25 0.5 0.75 0.90 O.95\mean

20 1.97 225 288 3.88 521 6.65 7.67| 4.22
100 1.99 231 3.00 4.13 5.58 7.38 8.58 | 4.54
500 2.04 242 3.18 438 6.06 7.97 941 | 488
1000 2.02 237 3.11 4.28 596 8.00 941 | 4.81
5000 1.99 235 3.11 430 6.02 7.99 9.37| 4.83

10000 2.05 240 3.15 435 6.01 793 937 | 4.84

Table 17: Simulated quantiles and mean of the distribution of @, (2,0.1); ¢, Rademacher

n 0.05 0.10 025 0.5 0.75 0.90 0.95\mean

50 1.20 1.30 142 191 248 3.14 3.62| 2.07
100 1.21 132 146 196 256 3.30 3.82| 2.15
500 1.21 1.32 1.46 2.02 2.64 3.42 4.03| 2.20
1000 1.21 1.32 147 2.02 2.64 3.39 3.98| 2.19
5000 1.21 1.33 1.47 2.01 265 3.41 398 | 2.20
10000 1.21 1.33 1.47 2.03 265 345 3.96| 2.21
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Table 18: Simulated quantiles and mean of the distribution of @, (5,0.1); ¢, Rademacher

n 0.05 0.10 0.25 0.5 0.75 0.90 O.95\mean

50 1.00 1.02 1.02 1.10 1.39 162 1.85| 1.25
100 1.00 1.02 1.02 1.10 1.40 1.63 1.91| 1.26
500 1.01 1.02 1.02 1.12 1.41 1.66 1.98 | 1.27
1000 1.01 1.02 1.02 1.11 1.41 1.65 192 | 1.26
5000 1.01 1.02 1.02 1.11 141 165 194 | 1.26
10000 1.01 1.02 1.02 1.13 141 1.66 1.98 | 1.27
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